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Abstract. Let G be a reductive p-adic group. We prove that all supercuspidal representa- 
tions of G arise through Yu's construction subject to certain hypotheses on k (depending on 
G). As a corollary, under the same hypotheses, we see that any supercuspidal representation 
is compactly induced from a representation of an open subgroup which is compact modulo 
the center. 



Introduction 

Let k be a p-adic field of characteristic zero and residue characteristic p. Let G be the group 
of fc-points of a connected reductive group G defined over k. In Yu gives a fairly general 
construction of supercuspidal representations of G in a certain tame situation. In this paper, 
subject to some hypotheses on G and k, we prove that all supercuspidal representations arise 
through his construction. 

While there have been numerous constructions of supercuspidal representations, the ques- 
tion of whether they are exhaustive is resolved only for depth zero representations |31l I28j 
and for groups of type A n such as GL n |22J , SL n [SJ [7j . In , Moy proves the 
exhaustiveness for Howe's construction of supercuspidal representations via the generalized 
Jacquet-Langlands correspondence in the tame case. In |22j . Howe and Moy prove it by 
analyzing Hecke algebras when p > n. In [Jjj, Bushnell and Kutzko construct supercuspidal 
representations and prove their exhaustiveness by analyzing simple types and split types with 
no assumption on k. Recently, Stevens showed that any supercuspidal representation of clas- 
sical groups of positive depth contains a certain semisimple characters [SI]. However, since 
no analogue of the Jacquet-Langlands correspondence for general groups has been developed 
yet, and since types, or Hecke algebras for general groups, are far less understood than for 
GL n , it is not easy to extend their methods to other groups. 

In this paper, we approach this problem via harmonic analysis on G. We now briefly 
describe the main idea of the proof. From now on, we assume that the residue characteristic 
p of k is sufficiently large (see 1)3. 4 Jl for the precise condition). We first prove that any super- 
cuspidal representation is either of depth zero, or otherwise contains a K-type constructed 
in [23|. This we do by relating the Plancherel formulas on G and on its Lie algebra and 
by using some results on asymptotic expansions [22]. We relate the K-type further to a su- 
percuspidal type constructed in [HE] by analyzing appropriate Hecke algebras and Jacquet 
modules. Before expanding our account of the main strategy of the proof, we first recall some 
results on T- asymptotic expansions. 

0.1. Results on T-asymptotic expansions. Let £ := £(G) denote the set of all equiv- 
alence classes of irreducible admissible representations of G. We use the same notation for 
a representation n and its equivalence class. For {tt^V^) € £, let Q n be the character of tt. 
Let S(G,/c) be the extended Building of G over k. In [22], we found a certain character 
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expansion of 6^ depending on K-types contained in (tt, V n ). The construction of K-types is 
based on a (strongly) good positive G-datum £ which is a quadruple (see 1)5. 1J) and 1)5.3)1 ). 
However, if £ is strongly good, £ can be alternatively described as a pair £ = (T, y) of a 
semisimple element r G g and y G S(CG(r), k) satisfying the following (see 1)5. 1)1 . 1)5.3)1 and 

(?) r = Trf + r^_i + • • • + To where I\, < i < d — 1, is a G-good element of depth — rj 
and Td is either zero or an element in the center of g of depth — r^. Set := r^_i if = 0. 
(n) < r < n < • • • < r d _i. If T d / 0, r d _i < r d . 

(iii) C G (r) = G° C G 1 C • • • C G d_1 C G where G* = C G (r d + T d _i + • • • r^). 
Set Si := y and s^ := (0 + , s^, , • • • , s^_ 1 )- Then the associated K-type (which we denote 
by (K^ , </>s) in the text) is (G y g+, xr), where G y g+ is an open compact subgroup defined in 
|38j and xr is the character on G y g+ represented by V via a logarithmic map. Any irreducible 
admissible representation containing xr when restricted to G y g+ has depth g = rj > 0. 
Moreover, such a representation is not supercuspidal in general, that is, (G yj g+,Xr) is not 
necessarily a supercuspidal type. 

The main result of 1271 states that if tt contains (G v g+,Xr), for any / G G?°(g + ), then 

@tt(/ ° log) = Eo e o(r) c o(tt)/Io(/). Here, g r+ = U a . 6:B ( G)A! )fl a . )r +, r G R, O(T) is the set of 
G-orbits whose closures contain T, and JTq is the Fourier transform of the orbital integral 
fiQ. In |27J) we also define a certain subspace 3 r of the space of G-invariant distributions 
on g having the property that # r , when restricted to the image of the Fourier transform 
of C£°(q + ), coincides with the finite dimensional space spanned by G 0(T). An 

d— 1 

important property of this expansion is that there are test functions /q in G^°(g) indexed 
by G 0(r) such that, for two G-invariant distributions Ti and T2 on g with their Fourier 
transforms Ti, % in 3 r , if Ti(/ ) = T 2 (/ ) for all G O(T), then Ti = T 2 on G c °°(g s+ _ ) 
(see fEEl). 

0.2. First step. Let £* be the set of equivalence classes of irreducible tempered represen- 
tations. We first show that almost every irreducible tempered representation (tt, V n ) is either 
of depth zero, or otherwise contains (G y ^g+ ,xr) for some (T,y). 

We begin by observing that, thanks to the Plancherel formulas on g and G ( J3]), we have 
the equality 

(0.1) f f(X)dX = f(Q) = f e ff (/olog)d7T 

for / G G l ?°(g) supported in a small neighborhood of 0. Here, note that we have identified 
q with the unitary dual g of g. Now, refining this equality, we will find a matching between 
spectral decomposition factors of each side of (|0.1|) . parameterized by some equivalence classes 
on the union of {0} and semisimple elements satisfying (i) — (iii). 

Let r be a semisimple element as above or T = 0. Then we define gr := G (r + g[j) where 
0° is the Lie algebra of G° = Gg(r) (recall that g(j = ^xeT,(G°,k)9x,o)- Each gr is a G-domain, 
an open and closed G-invariant subset of g. We say that two such semisimple elements T 
and T' are equivalent if gr = gr' (see (JZ3J))- Let 6 be the set of equivalence classes of T's. 
Then, g is the disjoint union of G-domains gr, T G S (see (|7,6|0 . and we have 



f J(X)dX=Y, [ J(X)dX 
J res 9r 
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On the other hand, each r £ & also parameterizes a subset £r of £. Roughly speaking, £p 
is the subset of £ which consists of (ir,V n ) £ £ containing (G y ^+,xr') f° r some T' ~ T and 
y € S(CG(r'),fc), and £o is the set of depth zero representations (see (|8.5[) and (jll.3j) for 
details). Moreover, £r = £r' if r and T' are equivalent, and £r H £r" = $ otherwise (see 

<P0))lV Setting £' s := (u ree £f) where £f, = £' n £ r , we have 

/* e 7r (/oIog)d7r = I ®M° log) d-K + / t 8 ff (/o log) dTT. 

It is obvious that £@ C £'. Our claim above is that £* \ £g has Plancherel measure zero. 
Now, we match terms parameterized by T £ & (see iJlOjl: 

(0.2) / f{x)dx = / e w (/o log) dTr 

for / £ G£°(0 O +) if r ~ 0, and for / £ C^°(g + ) if T / 0. A similar equality was considered 

d — 1 

in when T is regular, and in |25j when T is a good element. If T ~ 0, this is already 
proven in [25,. If T / 0, we regard both sides of (|0.2j) as distributions on C£°(g + ), and 

d— 1 

denote the distributions on the left and the right side of QU.2JI by and T r respectively. 
We first need to prove that the d~ T from [27] ( see also the previous section) contain both 
distributions Tg and T r . Then, by matching T^(/g) = T r (/g) for each test function /g, 
£ 0(— r), found in L 27J, we verify that they are equal on C%°(g£ ). Since we prove this 
equality by matching them only on test functions, and these test functions have the property 
that {ir £ £* | ©7r(/o) ^ 0, for some £ 0(— r)} is a subset of £p, we do not need any 
explicit knowledge of the Plancherel measure dir. 

Using this, we can also prove that the equality in (|().2|) holds for any characteristic function 
f x s of a lattice Q x>s with x £ B(G, k) and s > 0. Summing over all T £ 6, we have 

f f x , s (X) dX = Y, [ LA X ) dX = J2 f @ Mx,s o log) dir = f OMx,s o log) dir , 
Jg re© 0r res £ r 

which will lead to a proof that almost every irreducible tempered representation (in particular, 
supercuspidal representation) is an element of £p for some T £ S (Theorems II 1.11 and II 1.4]) . 

0.3. Generic G-datum. The construction in [HE] is based on a generic G-datum which 
consists of a quintuple Sy = (G, y, f, <f>, p) satisfying the following five conditions (see [3BJ 
§3] or 3I2J): 

Dl. G = (G^G 1 ,--- , G d = G) is a tamely ramified Levi sequence and Zqo/Zg is 
A;- anisotropic, where Z G o (resp. Zq) is the center of G° (resp. G). 
D2. y £ S(G°,Jfc). 

D3. r = (ro, r\, ■ ■ ■ , r^-i, r^) is a sequence of positive real numbers with < ro < • • • < 
rd-2 < U-i < r d if d > 0, < r if d = 0. 

D4. <p = (</>o> ^l; ' ' ' ) 4>d) is a sequence of quasi-characters; fa, < i < d — 1, is a G l+1 - 
generic character of G l of depth rj at y. If r^_i < r^, 0^ is a generic character of G rf of depth 
rd at y, and <pd is trivial otherwise. 

D5. p is an irreducible representation of Gj^j, the stabilizer in G° of the image [y] of y in 

the reduced building of G°, such that p \ G° y 0+ is a multiple of the trivial representation and 
c-IndSo (p) is irreducible and supercuspidal. 
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Based on the above data, Yu constructs a pair (ifsyjPEy) of an open compact mod- 
ulo center subgroup K^ Y and its irreducible representation p^ Y such that c-Ind^ s p^ Y is 

supercuspidal. Denote the resulting supercuspidal representation c-Ind^ E ps y by tty, y . 

0.4. Second step. Now, let (it, V^) be a supercuspidal representation of G. We want to 
prove that there is a generic G-datum £y such that tt ~ 7T£ y . Since the case of depth zero 
supercuspidal representations is already known (see (6.6), (6.8)]), we may assume 

that 7r is of positive depth. Then from the first step, ir contains a K-type (G Vj g+ ,xr) for some 
(r, y). Let Tj, G* and rj be as in (i)-(m). Let 0j be a quasi-character of G % extending the 
character xr\ of G % + defined by Tj. Under our hypothesis, xr\ always extends to a quasi- 

character of G l (see (|5.5[l ). Let /? be an irreducible component of the GPi -representation 
(8 (tt\V* t ) where <f> = X\i(4>i\G® y ^) and V* T is the xr isotypic component in V w . To show 
that (G,y,f,(j),p) satisfies the desired properties Dl- D5, we need to verify that 

(a) Zqo/Zg is anisotropic, 

(b) c-IndSo (p) is irreducible and supercuspidal. 

[y] 

We prove (a) by analyzing appropriate Hecke algebras (§13-§14), and (b) by analyzing 
appropriate Jacquet modules (§15-§17). 

Let Ey be the generic G-datum (G, y, f, (ft, p) associated to (tt, V n ) found as above. Lastly, 
we show xr on G y g+ can be extended further to pj^ Y on K% Y (§18), and (7r, V^-) still con- 
tains (Ky} Y ,ps y ). Then, by Frobenius reciprocity, we can conclude that tt is in fact the 
supercuspidal representation constructed from Sy, that is, tt ~ 7T£ y . 

Generally speaking, different generic G-datums can yield isomorphic supercuspidal repre- 
sentations (this is the case e.g. for G-conjugate generic G-datums). The question of when 
exactly the resulting supercuspidal representations are isomorphic is settled by recent work 
of Hakim and Murnaghan |14j : we will not discuss it here. 

If G is one of the classical groups considered in j^l], the corresponding datum in |24j is 
(r, GP p p). The result of this paper also implies that the K-types constructed in j^l] form a 
complete set for the classical groups considered in that paper. 

In the first three sections, we review some facts about Moy-Prasad nitrations and relevant 
results on buildings. Otherwise, reviews of many necessary results (in particular from 27 ) 
are spread throughout this paper before they are used. The first step is carried out in §4-§ll. 
We review Yu's construction of supercuspidal representations in §12. The second step is done 
in §13-§17. In §18, we compare (G y s +,xr) and (K-£ Y ,p-£ Y ). Finally in §19, we conclude that 
all supercuspidal representations arise through Yu's construction (Theorem 119. 1(1 . 

Most notation is used throughout the paper once it is defined. The table of some selected 
notation is available in the end of this paper. 
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discussions, and Anne-Marie Aubert, Stephen DeBacker, Jonathan Korman and Loren Spice 
for their helpful comments on the earlier version of this paper. Finally, I would like to thank 
Tom Hales and Paul Sally for their interest and warm support of this work. 
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Notation and Conventions 

Let A; be a p-adic field (a finite extension of Q p ) with residue field ¥ p n . Let v = v\. be the 
valuation on k such that v(k x ) = Z. Let k be an algebraic closure of k. For an extension 
field E of k, let ve be the valuation on E extending v. We will just write v for ve- Let 0^; 
be the ring of integers of E with prime ideal pE- 

Let A be a fixed additive character of k such that A|0fc 7^ 1 and A|p^ = 1. 

Let G be a connected reductive group defined over k, and g the Lie algebra of G. Denote 
the group of ^-rational points of G by G(E), and the Lie algebra of ^-rational points of g 
by g(E). We denote G(k) and g(k) by G and g respectively. Similarly, the linear duals of g 
and g(E) are denoted by g* and g*(E) respectively. We write g* for g*(k). Let Zq denote 
the center of G, and 3 fl the Lie algebra of Zg- Let G der denote the derived group of G, 
and g der the Lie algebra of G dcr . In general, we use bold characters H, M, N, etc to denote 
algebraic groups, and f), m, n to denote their Lie algebras. If they are defined over k, we 
will use the corresponding roman characters H, M and N to denote the groups of ^-points, 
and f), m and n to denote the Lie algebras of H, M and N. 

Let N denote the set of nilpotent elements in g. There are different notions of nilpotency. 
However, since we assume that char(/c) = 0, those notions are all the same. We refer to 
[121 13L)| for more discussion of this. 

If X is a topological space with a Borel measure dx and if Y is a Borel subset of X, 
volxiY) denotes the volume of Y with respect to dx. 

For any given set W, let \W\ denote the cardinality of W. 

For any subset S in g or in G, we denote by [S] the characteristic function on S, and by 
— S the set {— s \ s E S}. For g E G, 9 Z denotes gZg^ 1 . 

Let f := RU {r + | r E R}. We define an ordering on M extending the one on R: let 
r, s E M. Then, r < r + . If r < s, then r < s + , r + < s + and r + < s. We define an addition 
on R extending the one on R: for r, s € R, r + + s = (r + s) + = r + + s + . Set (r + ) + := r + . 

Finally, we will not distinguish between representations and their isomorphism classes. 

1. Moy-Prasad nitrations 

1.1. Apartments and buildings. For a finite extension E of k, let B(G, £7) denote the ex- 
tended Bruhat-Tits building of G over E. Recall that S(G, J5) = S(DG,£)x(X4Z G ,£)®l), 
where DG is the derived group of G, and X*(Zg,-E') is the abelian group of E'-rational 
cocharacters of the center Zq of G. For a maximal i^-split torus T in G, let A(T,E) be 
the corresponding apartment over E. It is known that for any tamely ramified finite Galois 
extension E' of E, B(G, E) can be embedded into 25(G, E') and its image is equal to the set 
of the Galois fixed points in l B(G,E') (see (5.11)] or JS2]). 

1.2. Moy-Prasad nitrations. Let (x,r) E H(G,E) x R. Regarding G as a group defined 
over E, Moy and Prasad define g(E) x r and also G^)^ r if r > with respect to the valuation 
normalized as follows (|S5) : ^ E u be the maximal unramified extension of E, and L the 
minimal extension of E u over which G splits. Then the valuation used by Moy and Prasad 
maps L x onto Z. 

In a similar way, with respect to our normalized valuation u, we can define nitrations in 
g(E) and G(E). Then our g(E) x ^ r and G(E) x>r correspond to their g{E) x ^ e i T and G(E) x>e i r 
respectively, where e = e(E/k) is the ramification index of E over k and I = [L : E u \. Hence, 
if w E is a uniformizing element of E, our nitrations satisfy w E g(E) x<r = g(E) , 1 while 

' e 

theirs satisfy m E g(E) x , r = g(E) X)r+l . 
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This normalization is chosen to have the following property (see also ^ (1.4.1)]): for a 
tamely ramified Galois extension E' of E and x G 23(G, E) C 23(G, £"), we have 

g(E) XjT =g(E') x>r n g(E). 

If r > 0, we also have 

G(4, r = G(%nG(J?). 

For simplicity, we put $ x>r := g(k) x>r , etc, and 23(G) := lB(G, k). We will also use the 
following notation. Let r£l, 

(1) 3x,r+ = Us>rdx,s and G X) \ r \+ = U s> \ r \G X)S , x G 23(G). 

(2) * r = {x G 0* I X(flx,(-r)+) C Pk}, x G 03(G). 

(3) g r = U xg2 ( G -)0 :rir . and r + = U s>r s 

(4) G r = U xe >grQ)Gx > r and G r + = U s>r G s for r > 0. 

The hypothesis (HB) in ^3. 41 is concerned with identifying 0* r with g x<r via an appropriate 
bilinear form B on (see |1J (4.1)]). 

1.3. Root decomposition. Let T be a maximal /c-torus in G, and E a finite extension of 
k over which T splits. Let $(G,T,E) be the set of £-roots of T in G, and let V(G,T,E) 
be the corresponding set of affine roots in G. If ip G ^(G, T, E), let ip G ^(G, T, E) be the 
gradient of ip, and g(E): C g(E) the root space corresponding to ip. We denote the open 
compact abelian group in g(E)^ corresponding to ip by g{E)^ ([2111 (3.2)]). 

Let X*(T, E) be the set of cocharacters of T, and let X*(T, E) be the set of characters 
of T. For r G R, let 

t(E) r = {r G t(E) I u(dx(T)) > r for all X e X*(T, E)}. 

Then, for x G A(G, T, E), we have 

0(£) x , r = t{E) r + ^ 

i/ieW(G,T,E), i>(x)>r 

Let T be a maximal fc-torus in G which splits over a tamely ramified finite Galois extension 
E of k. Then, we write A(G, T, k) for A(G, T, n S(G, fc). This definition is independent 
of the choice of E [HS]. Moreover, A(G, T, k) is the set of Galois fixed points in A(G, T, E). 

2. Twisted Levi sequences 

Definition 2.1. [HS] Let G be a connected reductive /c-group. Let G := (G°, • • • , G d = G) 
be a sequence of connected reductive A;-groups with G° C G 1 C ■ ■ • C G d . 

(1) If each G* is a fc-split Levi subgroup of G, G is called a k-Levi sequence in G. 

(2) If there exists a (tamely ramified) finite extension E/k such that G° <8> E is split, and 
G <8) E = (G° <g> E, ■ ■ ■ , G d ® E) is an E'-Levi sequence in G d <g> E 1 , then G is called a 
(tamely ramified) twisted Levi sequence in G and E is called a splitting field of G. 

Note that any subsequence of a tamely ramified twisted Levi sequence G is also a tamely 
ramified twisted Levi sequence. 

2.2. Let (H, G) be a tamely ramified twisted Levi sequence, and E a tamely ramified Galois 
extension E oik over which (H, G) splits. Since H(E) is a Levi subgroup of G(E), there is a 
Galois equivariant embedding of 23(11, E) into 23(G, E), which in turn induces an embedding 
of 23(H, k) into H(G,k) (see §1.9] or [3H1 (2.11)]). Such embeddings are unique modulo 
translation by X*(Zh,&) ®M. However, the images remain the same. 
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Fix an embedding i : B(H, k) — ► B(G,fc). Then we will regard !B(H, k) as a subset 
of B(G, A;) and write simply re for i(x). For any x G 25(H, &), the associated nitrations on 
H := H(fc) and fj := &(fc) satisfy the following (P (1.9.1)]): 

tf^ = G(E) x>r DH = G Xir DH for r > 0, 

i)x,r = Q(E) x , r n f) = fl XiJ . n f) for any r G M. 

For a fc-torus T C H which splits over £?, we have ,A(H, T, k) = A(G, T, £) n B(H, A;). 

2.3. If G = (G°, • • • , G d = G) is a tamely ramified twisted Levi sequence, we can and will 
fix a sequence of embeddings 

B(G°, k) ^ B(G\ k) ^ £(G 2 , k) ^ ■ ■ ■ ^ -B{G d , k). 

We will identify 75(G\k) with a subset of "B(G j , k) for i < j. Moreover, for x G "B(G\k) 
and r G 1, we have 

9i, r = B S (E)x, r ng i = Q{ r n Q \ 
& x>r = G j (E) x , r nff = G{ )T n if r > 0. 

From now on, we say that a semisimple element T G g splits over a finite extension E if T 
lies on a fc-torus which splits over E. 

Lemma 2.4. Lei T £ q be a semisimple element which splits over a tamely ramified finite 
extension E of k. Set H := Ccfr), the centralizer ofT in G. Then (H, G) is an E-split 
tamely ramified twisted Levi sequence. 

Proof. Without loss of generality, we may assume that T is in a fc-split torus t. By (7.1) and 
(7.2) of [SHI, H * s connected and reductive. Since f) is reductive, 3^ C t, and thus 3^ is a 
fc-split subtorus of t. Combining this with the fact that H is the centralizer of 3^ in G, we 
conclude that H is a fc-Levi subgroup of G. □ 

Remarks 2.5. 

(1) Note that if T = 0, then H = G. 

(2) The above lemma is not valid if T is replaced by a semisimple element of G. For 
example, in Sp 4 , the centralizer of a semisimple group element can be SL2 X SL2. 

2.6. Let (H, G) be a tamely ramified twisted Levi sequence. For X £ q, denote the fZ-orbit 
H X of X by 0^. For simplicity, we write Ox for 0^. In general, we use the notation 0^ 
to denote .ff-orbits. If X G t), 0(H,X) denotes the set of all ff-orbits whose closure in f) 
contains X. We write 0(X) := 0(G,X). 

When X G g is semisimple, 0(X) is described in 15 , §2]. In the situation of Lemma 12.41 
write r = X and H = Cg(T), then 

0(r) = {o r+ „ \ neO H eO(H,0)}. 

Note that r + n is already in the form of a Jordan decomposition. The map 0r+ n . — * n , 
n G 0(H, 0) induces a bijection of 0(r) with Q(H, 0), the set of nilpotent i/-orbits in f). 

3. Admissible sequences and lattices in g and q* 

We recall some definitions from |Hj and |38| . 

Definition 3.1. Let E/k be a tamely ramified extension, and let T be an i?-split maximal 
/c-torus in G. Let $ = &(G,T, E) be the corresponding root system. Then, a function 
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/ : $ U {0} — > M is concave if for every non-empty finite subset {at} C $ U {0} such that 
^2 a,i G $ U {0}, we have 

/£>) <x;/(o,). 

We keep the notation from the above definition. If x G A(G, T, E) and / is a concave 
function on ^(G, T, E) U {0}, there are a group G(E) x j and a lattice g(E) x j associated to 
x and /. (see jSHHH] for details). If / is Gal(£/£;)-invariant and x G A(G, T, E) Gal ( E / k \ we 
can define 

G xJ :=G(E)^nG,,o, 
If / is positive and E/k is tame, then G x j = G(i£)?^ . 

Definition 3.2. A sequence n := (no, • • • , Ud) in 1R is admissible if for some < c < ci, we 
have 

< no = ni = • • • = n c and — n c < n c +i < • • • < u^. 

3.3. Let be a tamely ramified Galois extension of k. Let G = (G°, • • ■ , G d = G) be an 
S-split twisted Levi sequence, and let u = (no, • • • ,Ud) be an admissible sequence. Then we 
can associate to n a Gal(£'//c)-invariant, concave function fa on <&(G,T,E) as follows: for 
an S-split maximal A;-torus T C G°, define 

f n ifaG$(G°,T,£)U{0}, 
J " W \ Ui if a G <3?(G*, T, E) \ $(G i_1 , T, E) for i > 0. 

For x € .A(G,T,fc), let 

G x> u := G x ^j u , So;, it := Qx,frf ■ 

These are well defined independent of the choice of T with x G -A(G, T, k). Moreover, if n is 
nondecreasing, we have 

^x^u ^XyUQ^XjUi ' ' ' ^x,u d ) 3x,u 0a;,uo »a:,iii ~r ' ■ ■ ~r 02,11^ ■ 

3.4. Hypotheses. We list the hypotheses used in this paper. They are labeled by (Rk), 
(HB), (HGT) and (HN) respectively. We will state explicitly whenever these hypotheses are 
necessary. 

(H/c) The residue characteristic p is large enough (depending on G and v{p)) such that the 
following hold. 

(1) The exponential map (resp. the logarithmic map) is defined on the subset q + of 
(resp. Gq+ of G), and for a tamely ramified finite Galois extension E over k, an 
-E-split maximal /c-torus T of G, x G A(G,T,k), and a Gal(i?//c)-invariant concave 
function / on $(G,T,E) U {0} with /(0) > 0, we have exp^j) = G x j (resp. 
log(G Xtf ) = Q xJ ). 

(2) For any x G B(G,fc), X G 9xfi+ and Y G g^o, ^adA^CO 6 0*,o+- 
(HB) G satisfies the condition in Proposition 4.1 in [I]. 

(HGT) Every maximal fe-torus T in G splits over a tamely ramified Galois extension, and 
for any r£l, any nontrivial coset in V modulo t,.+ contains a good element (as defined in 
(JO]) ) of depth r. 
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(H3ST) For any tamely ramified twisted Levi subgroup H of G, the hypotheses in j!2l §4.2] 
are valid. 

Remark 3.5. The condition in Proposition 4.1 of 0j requires that either G is a form of 
GL ra , or the absolute Dynkin diagram of G has no bonds of order p and p does not divide 
2k(G)|7ri(G')| (see 4 , Proposition 4.1 for notation). One sees easily that this is satisfied if 
p is large enough. 

One can use the Campbell-Hausdorff formula to determine a sufficient condition on k for 
(HJfc) to hold (see [M , Proposition 3.1.1). 

In ^2]) under some hypotheses on G and k (see J2]> §4.2), DeBacker gives a parameter- 
ization of nilpotent orbits in g via Bruhat-Tits theory (see Theorem 5.6.1 of 12 ). He uses 
this parameterization to get a homogeneity result in We need the hypothesis (HK) to 
use the results of 11 and |12j . We refer the reader to for precise statements. Again, if 
p is large enough, (HN) is valid. 

Remark 3.6. If (HB) is satisfied, there is a /c-valued, nondegenerate, G( k ) -invariant, sym- 
metric, bilinear form B on g satisfying the following (see the proof of (4.1)]): for any 
tamely ramified finite extension E of k, B induces an E- valued E'-bilinear form on g(E) such 
that 

(1) we can identify g*(E) x ,r with g(E) xr via the map O : g(E) — > g*(E) defined by 
n(X)(Y)=B(X,Y), 

(2) if T is a maximal E'-split torus and (T, {X Q }) is a Chevalley splitting, then we have 

(i) B(X a , Xp) = unless a + (3 = 0, 

(ii) ~B(X a , X^ a ) ^ 0, and has valuation 0, 

(Hi) = 3 fl © fl der is an orthogonal decomposition with respect to B. 

(3) For any Levi subgroup M of G which splits over a tamely ramified extension, B|mxm 
satisfies (1) and (2). 

The above (HB) implies the corresponding hypothesis (HB) (labeled in the same way) in 
|27| . Whenever we assume (HB), we denote the associated bilinear form by B. For more 
discussion on sufficient conditions for the above hypotheses, we refer to |27j . 

3.7. Let u = (uq, • • • , Ud) be a sequence of real numbers which is not necessarily admissible. 
We can still define and a subset g x $ = Q x j a of g in a similar fashion as in 1)3.3(1 . Suppose 
(HB) is valid. 

For each i = 0, ■ • ■ , d — 1, let g l_L be the orthogonal complement of g l in g %+l with respect 
to B, and let De the orthogonal complement of g l in q with respect to B. Then, we have 

g'+^s'©^, = s i ©0l, 

and 

= s° © s° 1 e • • • © 0"" 1 \ g i ± = g i± ®---® g 4 ' 11 . 

For x G S(G^ k) and ret, let = n Q^. Then, for x G 93 (G°, k), we can write g^ 
more explicitly: 

Qx,u = Sx,f a = 9x,u © Qx,m © * * * © 8x,u d ± - 

Definition 3.8. 

(1) Define an involution * on R as follows: for r E R, r* := (—r) + and (r + )* := —r. 

(2) For a sequence r = (r\, ■ ■ ■ , r^) of real numbers, define r* as (r*, ■ ■ ■ , r^). 

(3) Assume (HB) is valid. When we identify g and g* via B, the dual (g x ,r)* C of 
with respect to B is g x>r *. That is, (g x>r )* = {Y £ g \ B(Y,fla. )r ) C p k } = g x>r *. Note 
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that (Qx,j-)* C q while g* r C g*. Generalizing this, for any subset £ C g, we define 
the dual £* of £ in g as 

£* :={YGg|B(y,£)cp fc }- 

Remark 3.9. Let G := (G ,--- ,G d ) be a tamely ramified twisted Levi sequence. Let 
x G 23(G°, fc), and u := (no, • • • , u^) be an admissible sequence. Assume the hypothesis (HB) 
is valid. Then, we have (|27|) 

(9x,u)* = Qx,u* = 9x,u* © flx.u* © • • • © 8as,«5 ■ 

Definition 3.10. Suppose (HB) is valid. Let L be an open compact subgroup of G with 
L = exp(£) for some lattice £ in g. Let x be a character of L. If there is a 7 G g such that 
x{g) = A(B(7, log(g))), we say that \ ls represented by 7, and we write x-y f° r X- in this 
case, any element 7' in the coset S = 7 + £* £ g /£* represents x- We call S the duaZ 0Z0& of 
(L, X ). * 

Remark 3.11. It is possible that 7 € g represents characters on different groups, say Li 
and L2. However, since those characters coincide on L\ n L2, we will use X7 to denote both 
characters when there is no confusion. 

For a sufficient condition for 7 G g to represent a character of G x ,u, we refer to |27| (3.3.4)]. 

The proof of the following lemma is similar to that of Lemma 3.1 in |211 pl7]. 

Lemma 3.12. Suppose (HB) and (Hfc) are valid. For i = 1,2, Zei L« 6e an open compact 
subgroup with L. L = exp(£j) for some £j C g. Xei x« ^ e a character of Li with dual blob 

71 + £*. Suppose xi = X2 on L\ n L 2 . T/ien, (71 + £*) n (72 + £3) / 0. 

Proof. Since both 71 and 72 represent Xi|(-^i ^^2) = X2|(-^l Hl^), we have 71 + (£1 Pi ^2)* = 

72 + (£1 H £2)*- Now, the lemma follows from (£1 n £2)* = £* + £2- '— ' 

4. Semisimple elements 

4.1. Depth functions and good elements. Recall that the depth function d : 23(G) x 
g — > R is defined as follows: for X G g and x G 23(G), let d{x,X) = r be the depth of X 
in the x-filtration, that is, r is the unique real number such that X G g Xir \ Q xr + ■ We also 
define 

d(X) = sup d(x,X). 

Note that if d(X) < 00, then the depth d(X) of X is the unique r in R such that X G g r \g r +- 
Moreover, d is locally constant on g \ N, and it is 00 on N (see [21 (3.3.7)]). If E is a finite 
extension of k, we can also define a depth function d s on 25(G, .E) x g(-E). If £7 is tamely 
ramified over k, thanks to our normalization of valuation, we observe that for any x G 23(G) 
and X G g, d(x, A) = d E (x, X) and d(X) = d E (X) (see (3 (2.2.5)]) Hence we may omit the 
superscript E in that case. We remark that if X has Jordan decomposition X s + X n , with 
semisimple part X s , then d(X) = d(X s ) ( 2, (3.3.8)]). 

Let T be a maximal /c-torus in G, and let t be its Lie algebra. Then T and t have the 
following nitrations: for r G R 

tr = {T G 1 1 KdxCO) > r for all X 6 X*(T)} 

and for r > 0, 

T r = {t G T I i/( x (t) - 1) > r for all x € X*(T)}. 
Note that if T is fc-split, the lattice V coincides with the lattice t(k) r of ()1.3|) . The following 
definition is from J4J §5]. 
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Definition 4.2. Let T be a maximal fc-torus in G which splits over a tamely ramified Galois 
extension of k, and let t be its Lie algebra. 

(1) If T G tr \ t r +, we say that T is of depth r with respect to T, and we write dx(r) = r. 

(2) Let r G t be of depth r. Then T is called good with respect to T if for every root a of 
G with respect to T, da(T) is either zero or has valuation r. 

Note that G g is a good element of depth oo. We remark that the depth and the goodness 
of a semisimple element do not depend on the choice of T ([3J (5.1)]). 

4.3. We recall some useful facts about degenerate cosets (see (3.2.6)] and j5Ul (6.3)]). 

(1) Assume X G Q x ^ r n r +. Then, 

(i) X + g x r + contains a nilpotent element, and 

(ii) there is a y G I>(G, k) such that X + Q x ^ r + C Q y>r +- 

(2) Let s G R. Then, g s = n xe2(Gife) (N + q XjS ). 

(3) If x G S(G, k) and s£l, then g XiS n S + = (Xfl Q x , s ) + 0^+- 

4.4. Let T be a maximal /c-torus in G which splits over a tamely ramified Galois extension 
E. Then we observe the following: 

(1) Let $ := $(G,T,E). Then we have 

e(E) = t(E) eX>a(£), 

Let r G t be a semisimple element. Let H := Cc(r) be the centralizer of T in G. 
The Lie algebra t)(E) can be expressed as follows [SHI (7.1)]: 

t>(E) = t(E) © Yl ^(E)- 

aS*, da(T)=0 

(2) If T ^ 3 fl is a good element of depth r, then for any 7 G j g with d(7) > r, T + 7 is 
also a good element of depth r. 

Lemma 4.5. Lei T be a maximal k-torus in G which splits over a tamely ramified Galois 
extension E. Let 7 = 71, • • • , 7 n 6 t be good elements of depth b = 61, • • • ,b n respectively. 
Let H° := G, and H* := C H i-i(7j). 

(1 ) Let Xi, X 2 € 7 + t)l + . If g G G is such that 9 X X = X 2 , then g G H l . 

(2) LetX G 7 + t)l+- Then C G (X) C ii 1 . 

(3) Suppose each 7^ is a 500c? element in H*" 1 , and b\ < b 2 < ■ ■ ■ < b n . Fix i G 
{0,1,--- ,d} and letf = 71 + 72 + • • • + 7i . LetY lt Y 2 G 7* + ^+- ^Z 9 ^ = *2 /or 

some 5 G G, then g £ H l . Moreover, H* = Cg(7*) 

Proof. (1) is [Ml (2.3.6)]. (2) follows from (1). For the first statement of (3), if i = 1, it 
is (1). Assume the statement is true for i. Let Yi,Y 2 G 7* +1 + tfX 1 ■ Suppose 9 Y\ = Y 2 

"i+l 

for some g G G. Since Yi,Y 2 G 7* + fj* + , we have g G -£P by induction hypothesis and 

9 (Yi - 7*) =Y 2 - 7*. Since Fi - 7*, y 2 - 7* € 7i+ i + f)^ 1 and 7i+1 is H*-good, we have 

g G H %+1 . For the second statement, H l C Cg(7 1 ) is obvious, and Cg(7*) C H j follows 
from the first with Y\ =Y 2 = 7. □ 

Lemma 4.6. Lei T be a maximal k-torus in G which splits over a tamely ramified Galois 
extension E. Let 71,72 G t be good elements of depth b\,b 2 respectively. Let H := Cg(7i)- 
(1) Suppose b = b\ = b 2 and 71 = 72 (mod t b +). Then Cg (71) = ^(72). 
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(2) Suppose b\ < 62 and 71,72 G 3f). T/ien 71 + 72 is also a G-good element of depth b\. 

Proof. (1) Note that 71, 72 € 71 + f){,+ . Applying Lemma l4~5U 2). we have Gg(7i) C Cg (72)- 
Similarly, G G (72) C Cq (71)- Hence Cq (71) = Cg (72)- 

(2) Write T = 71 + 72. Let $ = $(G,T,£) be the set of ^-rational T-roots in G. 
Let a G Since H C Cg(72), by (|4.4j) . we see that if da (71) = 0, then da (72) = 0. 
Combining this with ^ (da (72)) > ^2 > b\, we see that da (71 + 72) = or v (da (71 +72)) = 
min(z/(da(7i)), ^ (da(72))) = ^(da(7i)) = b\. Hence 71 + 72 is a good element of depth 
b x . □ 

Proposition 4.7. Suppose (HGT) is valid. Let 7 € Q be a semisimple element which splits 
over a tamely ramified Galois extension E. Then, 7 can be written as 

7 = 76i + lb 2 + ' • • + 76„ + To 

^ eac/i 7^, ? = 1, ■ • • , n , is a G-good element of depth bi, and 70 is a semisimple 
element with d(j ) > 0, 

(2) bi < b 2 < ■ ■ ■ < b n < 0, and 

(3) H n C H"- 1 C C H 1 C G where H 1 = C G ( 7fel ), and W = C H >-i(y h ). 

Moreover, if 7 = 7^ + 7^ + • • • + 7y + 7o *s another expression satisfying (l)-(3) with 

12 n i 

H' 1 = Cg(7^ ) and H /J = C H /i-i(7^,), i/ien we have n = n' , bi = b\ and H* = H'\ 

Proof. Let t be a maximal /c-torus with 7 € t which splits over E. If d(7) > 0, 7 = 70 already 
satisfies (l)-(3). Suppose a± = d(7) < 0. By (HGT), 7 + t a + contains a good element, 
say, 7 0l of depth a\. Then 7 = j ai + (7 - j ai ) with a 2 = d(7 - 7 0l ) > d(7). Applying 
the above process for 7 — j ai , we find a G-good element j a2 G 7 — 7 Ql + t a + such that 

7 = 7oi + 7a 2 + (7 - 7ai - 7a 2 ) and a 3 = d(7 - 7 ai - 7a 2 ) < d(7 - 7aJ. Repeatedly, we have 

7 = 7ai + la 2 H 1" 7a m + 7o 

where 7 ai is a G-good element of depth aj with ai < 02 < ■ ■ • < a m < and d(7 ) > 0. This 
procedure is finite because d(t) C e( -^ fc ^ Z. Put a m+ i = and 7a m+1 = 7o- 

Set 5 := {ai,a 2 ,-- - ,«m+i}, and for a, 6 G R, set 7^ := Y, a < aj <b%j- We nnd a sub- 
sequence b\ = a\ < 62 < • • • < b n < b n+ \ = a m+ i = of S as follows: let b\ := a\ and 
H 1 := Cg(7&i)- -^et 62 be the maximal element in {02, • • • , a m +i} with the property that 
if Oj < 62, 7a, G 3^. Note that H 1 = C G ( 7bl , fe2 ). Let H 2 := C H i(7& 2 )- Then H 1 D H 2 . 
Let 76j := % lt b 2 - Inductively, suppose bi, H* and 76 4 _! are defined for i >2. Let fej + i be the 
maximal element in {aj G S \ dj > bi} with the property that for any aj < &i+i, 7^ G 3^. Let 
H* +1 := C H !(7&i+i) and 7^ = 7^,f> 1+1 . We repeat the process until b n +i = 0. Then each % t 
is also a G-good element of depth bi by Lemma l4.6l f2h and EP = C H i-i(75.) = C H i-i (7&J. 
Now, one can easily check 

7 = 7&i + 7f> 2 + • • • + lb n + 7o 
satisfies the required properties. 

For the second statement, let 7 = 7y +7y + ■ ■ "+7&' +7o be another expression satisfying 
(l)-(3). Then b\ = d(7) = 6^. Since 7^ = 7^ (mod t 6 +) and 7^, 7^ are good, H 1 = H' 1 
by Lemma |4.6I By induction, we assume that bj = b'j and H J = H' J for 1 < j < i — 1. 

Write 7 &li6i := 7 &1 H h 7b s _i> and 7^^, := 7^ H h 7^- Suppose b { < b[. Then, 

ji b , - Jbx.bi = Ibi (mod t,+). Since is also H J_1 -good, by Lemma E3J-(2), we have 

1 ! i i 
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H* 1 C EF, which is a contradiction. Hence bi = b' i . Now we have (i) 7^ = 7^ b . — 7& 1 ,& j +7&. 
(mod t 6 +), (it) i blM - % llbi £ 3^-1, and (Hi) j bi , 7^. - lblM + j' b . are good in BP 1 by 
(g3J). From these, it follows that C H i-i(7 6 .) = C H i-i(7^.). Hence, H* = H'\ □ 

Remark 4.8. By Lemma 1131 we have W = Cg^x H +76,) an d Cg(t) C H n . 

5. K-types: basic data and construction 

In this section, we review the K-types constructed in [27]. We will prove later that under 
some hypotheses, almost all irreducible tempered representation of positive depth contains 
one of these types (see tjllfl . The construction is based on the following data: 

Definition 5.1. A G-datum of positive depth is a quadruple S = (G,y,r,<f>) satisfying the 
following conditions (D1)-(D4): 

(Dl) G = (G° C G 1 C • ■ • C G d = G) is a tamely ramified twisted Levi sequence. 
(D2) y eS(G°,fc). 

(D3) r = (ro,r%, • ■ ■ ,r d -i,r d ) is a sequence of positive real numbers with < tq < ■ ■ ■ < 

rd-2 < r d -i < r d . 

(D4) <f> = (fa, ■ ■ ■ , (ftd) is a sequence of quasi-characters, where fa is a quasi-character of G\ 
We assume that fa is trivial on G^ r+ , but non-trivial on G* r . for < i < d— 1. If r^-i < r^, 

we assume ^ is nontrivial on G d rd and trivial on G^ r+ . Otherwise, we assume that fa = 1. 

We define the length ^(X) of the above G-datum of positive depth X to be d. 

Remark 5.2. As mentioned in the introduction, Yu defined a notion of G-datum for su- 
percuspidal types (on which the above definition of G-datum of positive depth is based). 
However, the representations containing K-types constructed out of the above data are not 
necessarily supercuspidal. 

Notation and Conventions. 

(1) Let G- 1 := G°, g 1 := fl°, and G d+l := G d , Q d+1 := Q d . 

(2) Let Z G i = Z l and 3 fl i = 3* denote the centers of G l and g l respectively. 

Definition 5.3. Let X = (G,y,f,fa) be a G-datum of positive depth. 

(1) We say S is good if each fa, < i < d — 1, is good and fa is either good or trivial. 
That is, for < i < d — 1, fa\G l y>r . is represented by a G i+1 -good element Tj E 3* of 
depth — ri such that C G i+i(rj) = G % , and for i = d, either fa is trivial or ^|Gy jrd is 
represented by 6 3 d of depth — r^. 

(2) We say fa is strongly good if <^|G^ 0+ is represented by a G-good element € 3* of 
depth — ri such that C G i+i(rj) = G\ 

(3) We say X is strongly good if each fa, < i < d — 1, is strongly good and is either 
strongly good or trivial. Put = if fa is trivial, and define Ts (or simply T) and 
r* as follows: 

r ■-r d + r d _ l + --- + r i , 

r E = r : =r = r d + r d _ 1 + --- + r . 
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Remarks 5.4. Let E be a G-datum of positive depth. 

(1) The expression of Ts as + r^-i + T satisfies the condition in Proposition 14.71 

(2) In the above definition, Tj being G-good implies that Tj is G l+1 -good. Hence, if £ is 
strongly good, it is also good. Note also that our definition of strongly goodness is 
stronger than the one in |27j . 

(3) If 4>i is good, it is also generic in the sense of j3"8] . Hence we can apply most results 
in 38 to a (strongly) good G-datum of positive depth. 

(4) Observe that each Tj € 3 g o. Hence the IYs commute with each other. 

Lemma 5.5. Suppose (HB) and (HA;) are valid. Suppose 7 € 3 g and d( 7 ) < 0. Then there 
is a character <f> of G such that for any x £ B(G, k), 4>\G X + is represented by 7. 

Proof. Write Z = Zq for simplicity. Set Z + = exp(3 +) where = d ^ k>+ with T a 
maximal fc-torus in G. Since Z is commutative, by (HA;), x-y defines a character of Z +. 
Since the commutator (G, G) is a subgroup of G der , G/G der is abelian. Moreover, since we 
have an orthogonal decomposition XjO + = 3o+ © 8^0+ wr ^ n respect to the bilinear form B by 
|H (3.2)], we have G Xj0 + = exp(jo+ ©0^0+) = Zo+G de o+ by (HA;). Hence Z + is embedded in 
G/G der , and x-y defines a character x-y of Z +G der /G der . This character easily extends to a 
character of ZG deT /G der , which we again denote by Xy Now, since G/(ZG der ) is finite, x-y 
again extends to a character of G/G der , which induces a character <fi of G. 

It remains to show that (f>\G x + is represented by 7. For g € G x . +, we can write g = 
exp(z) exp(z') = exp(z + z') for some z € 3 + an< ^ z ' e 0£ C o+- Then, since <j> is trivial on 
G der and = 3® der is an orthogonal decomposition with respect to B, we have 4>(g) = 
<Xexp(z)) = x 7 (exp(z)) = A(B( 7 ,z)) = A(B( 7 , z + z')) = A(B( 7 ,log( 5 ))). Hence <f>\G xfi+ is 
represented by 7. □ 

Remarks 5.6. 

(1) Let (/) be constructed as in the proof of Lemma 15.51 Then (f> is trivial on G deT and the 
depth of 4> is r = — d( 7 ) independent of x € ®(G, A;). That is, for any x € B(G, A;), 
is trivial on G x r +, but, nontrivial on G xr . 

(2) Combining Lemma 15.51 and Proposition 14.71 for any semisimple element in g of neg- 
ative depth, one can associate a strongly good G-datum of positive depth. 

Fix a good G-datum of positive depth £ = (G, y, r, <p). We review the construction of the 
K-type (Ki , c/>s) and some notation that we need in this paper. 

5.7. Let the embeddings 

B(G°, k) ^ T>(G\k) ^ S(G 2 , k) ^ ■ ■ ■ ^ S(G d , A;) 

be fixed as in (|2.3|) . Let Si := y for i = 0, • • ■ , d — 1. For any e 6 R with < e < so, define 
the following sequences s and of length d: 

s(e) := (e,s ,--- ,s d -i), s*~(e) := (e, sj, • • • , sjlj. 

For simplicity, we write 

s:=s(0), s f :=s(0+). 
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5.8. Define some open compact subgroups associated to E as follows: 



E 



y> s t y> s Ii-i y> s T 

— r<0 n\ rid _ 

A S E+ - S,0+%,s+ y,«iLi ~ y ' 



Via the isomorphism G, „+/G, _+ ~ a, „+/fl. _+, fa defines a character fa of G, .+ such that 
fa is trivial on (a + fig*,) / (g + D q\) , and </>j and fa coincide on G l + (see jHHl §4]). Since 
0i is already defined on C Gyo+> there * s a unique character of K^G ys + extending fa 
and 0j. We use the same notation 0j for this character of K^G y s + and its restriction to . 
Now, define the character 0s of ET^ as nf=o^* : 



is 



i=0 

5.9. Suppose (Hfc) is valid and E is a strongly good G-datum of positive depth. Let Tj and 
T be as in Definition 15.31 We observe that fa is represented by Tj on G % 0+ G + and hence 

on IfjT , that is, 0j = \Ti on G^ +G^ s + and on K^. Moreover, we have 

<fe = XT 

on K^, , and the dual blob of 0s = Xr is r+(g y g+ )* = r+0y,-s*) where — s = (— s_i, — so, • ■ ■ , — Sd-i)- 
We also observe 

r := r d + r d _! + • • ■ + i\ 

defines a character Xr* °f -^s+ • We a ^ so P u * := ^° = ^- 

Remarks 5.10. Let E = (G,y,f, 0) be a strongly good G-datum of positive depth. 

(1) Since the construction of (K^,cj)^) depends only on Tj representing fa on G y0+ , 
replacing fa with the characters constructed in Lemma 15.51 with 7 = Tj produces 
the same open compact subgroup and its representation. Hence, without loss of 
generality, we may and will assume that for a strongly good G-datum of positive 
depth E, each fa is represented by Ti on G l Q+ for any x £ S(G 4 , k). In this case, for 

any x € 25 (G°, k), (G, x, r, fa) is also a strongly good G-datum of positive depth. We 
will often denote (G, x,f, fa) by E^. 

(2) Since V determines G, r and 0s 5 E can be replaced by (T, y) and they yield the same 
K-type (K£ = G y)g +,xr)- 

Remarks 5.11. Some Properties of (K^,^). 

(1) If an irreducible admissible representation (ir,V n ) contains (K^,xr), the depth q(tt) 
of 7r is r^. 

(2) Let E = (G,y,r,fa) be a good G-datum of positive depth. Suppose Zqo/Zq is 
anisotropic. Let p be an irreducible representation of G9 y -,, the stabilizer in G° of 

the image [y] of y in the reduced building of G°, such that c-IndSo p is irreducible 

lv] 

supercuspidal. Then (G, y, r, 0, p) is a generic G-datum ([HE]) see also ^ )12j) . Moreover, 
if 7T is a supercuspidal representation constructed from the above generic datum, 0s 
occurs in the restriction tt\K^ of 7r to . 
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For more details and properties of the above K-types, we refer to |27| . 

5.12. Let £ = (G, y, f, <p) be as before. We recall some lattices and open compact subgroups 
associated to £ from |2*7| . 

(1) Let e G M be such that Q e = q 0+ . For x G S(G°, k), let 

^x,e = £<x := 0x,s+(e)) ^l,e = &| := 0aj,(s+(e))* ) 

and 

Although these definitions £j x>e , L x>e , etc, depend on G, f and the embedding of 
buildings, since we would not need their roles explicitly, we omit them from the 
subscripts for simplicity. If (HB) is valid, L x>e is just L* e . If there is no confusion, 
we will drop e from the notation, that is, we will write L x , £>|, L x for £a: >e , e , Ac,e- 

(2) Assume (HB) is valid. For i = 1, • • • , d + 1 and x G 23 (G l , fc), define £4 and £4" as 
follows: 

— kj X r ,+ ! 



:= 0^ s+ for i = l,..- ,d-l, 

4 tt :=£**, for f = I,-- - ,d+ 1. 

Set £^ := £ X)(E , ZjJ 1 := £| ie and := L X€ . 

For later use, we record the following which is a corollary of |271 (5.3.2)]: 

Lemma 5.13. Assume the hypothesis (HA;) is valid. Let x G 23(G°,fc) ; and X G 0^. (_ f . () )+- 
TTien 

r + x + 4c G (r + x + jj). 

For our purpose, we also define a zero good G-datum. 

Definition 5.14. A zero G-datum (or 0-datum) £ is a G-datum of the form £ = (G, y, f, (p) 
where d = 0, G = (G° = G), f = (0), $ = (1) and y G £(G,fc). Then we associate the 
corresponding K-types and lattices as follows: 

-^s =G W)+> 0s = 1, r E = T = 0, 
and for x G 23 (G, fc), independent of the choice of e, 

&x = Q x ,o+, £>x = 9x,o- 

We associate real numbers r$, r_i, s_i and so as a zero datum as follows: 

ro = r_i = s_i = s = 0. 

Definition and Remark 5.15. Let £ be a zero datum. For an irreducible admissible 
representation (tt, T4-), if (ifj j 4>t) < vr, 7r is a depth zero representation. By convention, we 
will call a zero datum both good and strongly good. Hence, by a (strongly) good G-datum, 
we mean either a zero or a (strongly) good G-datum of positive depth. 

Definition and Remark 5.16. 
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(1) Let £ denote the set of all irreducible admissible representations. Let £ u (resp. £*) 
denote the subset of £ which consists of unitarizable (resp. tempered) representations 
of G. 

We remark that £ carries a natural topology defined via approximation of matrix 
cofficients. Moreover, £ u is a closed subset of £, and the subspace topology on £ u 
coincides with the usual topology on the unitary dual. See [HI] for more details. 

(2) Let J be an open compact subgroup of G, and a one of its irreducible representations. 
For (ir,V n ) G £, let Vrf (or simply V°) denote the cr-isotypic component in V n . If 
V° 7^ 0, that is, if a occurs as a subrepresentation of the restriction of it to J, we 
write (J, a) < tt. 

6. Review on Plancherel formulas on G and g 

For (tt, V w ) G £ u and F G C C °°(G), we define a function F on £ u as 

F(tt) := Tr(n(F)) = Q V (F). 

Then the Plancherel formula on locally compact groups (see ^3] ) states that there is a Borel 
measure dir called Plancherel measure on £" such that the first equality in the following 
holds: 

(6.1) F(l)= [ F(7r)dvr= / F(vr)dvr. 

From Harish-Chandra's explicit Plancherel formula (|17 | I37|). we have the second equality. 

On the other hand, regarding g as a topological group with respect to addition, we can 
formulate the Plancherel formula on g as follows: there is a Borel measure on g such that for 

/ e (g), 

/(o)= [ Kx)d x , 
Jo 

where / G C^°(g) is the Fourier transformation of / given by f(x) = Jg f(¥) x(X) dY. 
Recall we have the following isomorphisms: 

- fl* - 0, 

where q denotes the unitary dual of q. The first isomorphism is from Pontrjagin duality. We 
have the second isomorphism via an additive character and an appropriate bilinear form on 
q. When (HB) holds, we have — via A and B, and we can rewrite the above formula as 

(6.2) /(0)= / f(X)dX, 

where f(X) = f f(Y)A(B(X,Y))dY. In the above equation (|6.2|) . the G-invariant measure 
dX on g should satisfy vol s (g Xtr )vol s (g Xtr *) = 1 for all x G ®(G, k) and r G R. 

To relate Plancherel formulas on g and G, let / G C£°(g) be supported in a sufficiently 
small neighborhood of 0. Then /olog defines a function in C£°(G). Combining the Plancherel 
formulas ()6.1|) and (|6.2j) . we have 

(6.3) / f(X) dX = /(0) = / @M o log) dir 

6.4. Haar measures. From now on, when (HB) is valid, we fix a Haar measure on g so that 
(|6.2[) is valid. When (HA;) is valid, we fix a Haar measure on G so that voIq{G x j) = vol s (g x j) 
for any x and / as in (HA;). Then, the Plancherel measure dir in (J6.1|) is uniquely determined 
with respect to this Haar measure on G. 
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7. Decomposition of g 

Throughout this section, we assume that (HGT) is valid. The main result in this section is 
Proposition ^, 6( where we find a spectral decomposition of (|6.2j) . Each spectral decomposition 
factor is parameterized by an equivalence class of semisimple elements (see JZ3J)- 

7.1. We restate Proposition 14.71 to fit better for our purpose: let T € q be a semisimple 
element. Then T can be written as 

r = r d + rvx + . . . + r + 7 

satisfying the following: 

(1) Tj, i = 0, 1, • • • , d — 1, is a good element of depth — r-j with — r^_x < — r d-2 < ■ ■ ■ < 
-r < 0, and d(7) > 0. 

(2) T d = or T d e i d = 3 g is nonzero with d(T d ) < -r d -i- 

(3) G° C G 1 C • • • C G d = G where G* = C Gl +i{Ti) = C G (P) with P = T d + • • • + 

rVi + rv 

Let r d := r d _i if T d = 0, and r d := -d(r d ) if T d ^ 0. Then, f := (r , • • • ,r d ) and 
G := (G°, G 1 , • • • , G d ) are determined uniquely independent of the choice of good elements 
IVs. Note that d(r) = —r d . 

Definition and Remark 7.2. We keep the notation from (|7.1|) . Write r = T° + 7 where 
r° = T d + + • • • + T . Define $ as follows: 

_0 _0 I 1 _0 

flr •— flo — U xGB(G°,fc)0x,O- 

Since G° = CG(r°) is well defined independent of the choice of T , so is 0p. 

Lemma 7.3. Let T and V be two semisimple elements in q. 

(1) G (T° + 0p) is a G-domain, that is, an open and closed G-invariant subset of g. 

(2) G (r° + g r ) and ^(r' + g r ,) are either disjoint or identical. 

Proof. (1) follows from (23 (5.1.4)]. To prove (2), suppose G (r° + g£) n G (r'° + / 0. 
Without loss of generality, we may assume (r° + gp)n(r' o + 0p,) 7^ 0. Then there are X € g r 
and X' G such that Y := T°+X = T'°+X'. Let X = X s +X n be the Jordan decomposition 
of X in c g (r°). Similary, write X' = X' s +X' n . Then, (T°+X s )+X n and (r /0 +X^)+X; are two 
expressions of the Jordan decomposition of Y. By the uniqueness of Jordan decomposition, 
we have T" := T° + X s = T'° + X' s . Note that d(X s ) = d(X) > and d(X' s ) = d(X') > 0. 
Applying Proposition E3 to T", we conclude C G (T"°) = C G (T°) = C G (T'°). Hence, = 
0° = o„ (T" + g°„) = (T° + 0?) = (r'° + o,), and thus G (r° + B °) = G (r'° + o,). □ 

Definition 7.4. Let T and V be semisimple elements in 0. 

(1) Define 0r := G (r° + S 0). 

(2) We say that T and T' are equivalent if 0r = 0r'- In that case, we write T ~ V . Let 
& be the set of equivalence classes of semisimple elements. 

(3) If T ~ 0, we set d = 0, and the associated real numbers ro = r_i = so = s_i = 0. 

By Lemma ITTBI the above equivalence relation is well defined. 
Examples. 

(1) Any two semisimple elements T and V with d(r) > and d(r') > are equivalent. 
In this case, we have 0r = 0r' = 0o- 

(2) Let t be a A:-torus in which splits over a tamely ramified extension. Any r, T' € t 
satisfying r = T' (mod to) are equivalent. 
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Lemma 7.5. The Lie algebra g is a disjoint union of gr = G (r° + 0p), T G @; 

Proof, 'd' is obvious. For 'c', let X G g. Let X = X s + X n be the Jordan decomposition 
of X and G' := Cg(X s ). Since X„ is nilpotent and X n G g', we have X n G q' x for some 
x G S(G'). Hence Ieg Xs , and 'C' follows. □ 

Proposition 7.6. For any f G C^°(q), the integral J f(X)dX is decomposed as follows: 

I f(X)dX=J2 [ f(X)dX. 

Proof. This follows from Lemma 17. 31 - (1) and Lemma 17.51 □ 
Corollary 7.7. Suppose (HB) is valid. Then, for any f G C£°(g), 

/(0) = f f(X)dX = [ f(X)dX. 



8. Decomposition of £ 

8.1. From now on, we fix e such that g e = g +. Since {r G R | g r ~D Q r +} is a discrete subset 
of R, such an e exists. 

The choice of such an e first appears in jllj to treat homogeneity in the depth zero case. 
This setting is carried to ,27.. Via this choice, we can find nice test functions which are in 
a certain sense dual to the orbital integrals in which we are interested (see [23 (9.1.6)] or 

USD). 

8.2. Recall that for each twisted Levi sequence G, we fixed embeddings of buildings in ()2.3|) . 
Except when Z°/Z d is fc-anisotropic, most objects defined here might in principle depend on 
the K-types constructed in §5, hence on the choice of embeddings. In the course of the proof 
of our main result, we show that if G is associated to a supercuspidal representation, then 
Z° /Z d is A;- anisotropic (Proposition 114. Hence, the ambiguity in the choice of embedding 
is irrelevant for the particular argument pursued in this paper. 

Throughout this section, we assume (HA;), (HB) and (HGT) are valid. 

The main result in this section is Pr op osition 18 . 1 ll where we find a spectral decomposition 
of (|6,1|) . In §11, we will see that each decomposition factor is parameterized by an element 
of 6. 

Definition 8.3. Let £ = (G, y, f, <p) be a strongly good G-datum of positive depth, and let 
be a semisimple element associated to X as in (15 .3(1 . Let T be a semisimple element in g. 

(1) We say that £ and V are associated if Ts ~ V. 

(2) £ E (e) := {(tt, V v ) G £ | tt > (L x>e , X r s +n), for some x G B(G°, k), n G fl^.-e n N}. 
Remarks 8.4. 

(1) Note that any two semisimple elements associated to £ as in ((5.3(1 are equivalent. 
Hence, (1) is well defined. 

(2) The definition in (2) is set up to achieve the equality in Theorem 110.11 Note that 
n G g° _ e defines a character on G X:6 and L Xj€ because G Xj€ /G x ^+ is abelian. Hence, 

+ n also defines a character on L Xje . 
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Definition 8.5. Let T be a semisimple element in g. 

(1) ifd(r)<o, 

£r(c) := (J £ ^ e ) 
r E ~r 

where the union runs over all strongly good G-datum S of positive depth such that 
Ts ~ r. 

(2) If r ~ 0, define £o = £r(e) to be the set of all depth zero representations (this is 
independent of the choice of e). 

Lemma 8.6. Let V and V be semisimple elements in q. 

(1) £r(e) = £r'( e ) if and only ifT ~ T'. 

(2) £r(e) a nd £r'( e ) are either disjoint or identical. 

Proof. (1) l <=' is obvious. For '=>', if £r(e) D £r'( e ) then there is a strongly good 

G-datum of positive depth £ such that r ~ r E ~ T'. Hence r ~ T'. 

(2) Note that the depth of a representation in £r(e) is either or — d(T). Suppose T ~ 0. 
Then, £r(e) = £o> and £r'( e ) intersects £o if and only if T' ~ 0. Hence, £r'( e ) = £r(e)- 

Now, suppose d(r), d(r') < 0. Suppose (ir,V n ) E £r(e) H £r'(e)- Then there are two 
strongly good G-datums of positive depth £ = (G, y, r, 4>) and £' = (G', y', f", 0') such that 

(i) Ts ~ T and (w, V w ) > (L X)e , xr E +n) for some x 6 ^(G , /c) and n G g^,— c 

(zz) Tjy ~ r' and (7r, V^-) > (^I'^jXr^z+n' 

) for some x' € ^(G' , A;) and n' E g^°, . 
Since (ir, V^) is irreducible, an argument similar to the one in (7.2)] shows that there is 
g E G such that 9 Xr E +n = Xr E ,+n' on 9 L x>e n L^ e . Then, by LemmaEHS 9 (r s + n + £|,e) n 
(r E '+n'+£j )e ) / 0. Since n E fl£ s and n' E ° s , , by LemmaEH r E +n+4,e C G (r s +£|° E ) 
and r E / + n' + £.*,«= C G (r E , + ° £/ ). Hence, G (r s + B °J n G (r s , + 0°^,) ^ 0, and T s ~ r S / 
by Lemma 17751 - ( 2). Now, we have £r(e) = £r'( e ) by (!)• D 

Definition 8.7. 

(1) Let £f(e) := £* n£ r (e). 

(2) For any pair 5 = (J, a) consisting of an open compact subgroup J and its irreducible 
representation a, we define subsets £ s and £* of £ as follows: 

£ s := {tt E £ | s < 7r}, £*:=£*n£ B . 

8.8. The structure of £*. The following are some definitions and remarks regarding the 
structure of £*. The definitions here are made in a parallel fashion to those in jS] regarding 
Bernstein center, and most facts here can be deduced from ^7] or |37j . 

(1) Let t = (M, t)^ be a pair of a Levi subgroup and a discrete series on M. We will call 
such a pair a discrete pair. We say that two discrete pairs (M, r)^ and (M^r')^ are 
equivalent if there is a g E G and an unramified unitary character on M such that 
M = g M' and r ® x - 9r r' ■ 

(2) Let be the set of equivalence classes of discrete pairs. Then, for any tempered 
representation 7r, there is a unique class (M, t)^ in 53^ such that ir is a subquotient of 
a parabolically induced representation from (M, r <8> x)d f° r some unramified unitary 
character of M. In this case, we will say that (M, t)^ is the discrete support of it. 

(3) For t E *Brf, let £*(t) be the set of irreducible tempered representations whose discrete 
supports are t. Then the result of (see also jHTJ III.4.1]) says that £* is the 
disjoint union of £ 4 (t), t E 23^, and the Plancherel formula can be written as follows: 
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for F G C C °°(G), 

F(l)= / F(vr)dvr. = V / F(tt) dvr. 

(4) Denote Irrt the set of all irreducibly induced representations IndpT from some (M, r)^ 
in t. Then 

/ F(vr) dir = F(vr) dvr 

■/£'(i) J Irrt 

and the Plancherel measure of £*(t) \ Irr t is zero (see [371 IV. 2. 2, IV. 3]). 

(5) The representations in £*(t) have the same cuspidal support, that is, there is a pair 
(M 1 , a) c of a Levi subgroup M' and its supercuspidal representation a such that each 
representation in £*(t) is a subquotient of the parabolically induced representation 
from (M',a (8> x)d for some unramified character \ of M' . Moreover, representations 
in £*(t) have the same depth (|3"T]). 

We also need the following lemma for the proof of Lemma 18.101 Here, by parabolic 
induction, we mean unitary parabolic induction. 

Lemma 8.9. Let t G 53^. Let (Mx,rx)d and (M2,T2)d be in the class oft. Then, any 
parabolically induced representations Indp t\ and Indp 2 T2, where Pi, i = 1,2 is a parabolic 
subgroup with Levi factor Mi, are isomorphic when restricted to any special maximal compact 
subgroup. 

Proof. Let K be a special maximal compact subgroup, and Pq a minimal parabolic subgroup 
of G such that G = PqK = KPq. Without loss of generality, we may assume that Pi and P% 
contain Pq. 

Denote the set of unitary unramified characters of Mj by X u (Mi), i = 1, 2. Let g G G be 
such that 9 M X = M 2 and 9 n ~ r 2 <g> X2 for some \2 G X U {M 2 ). 

Suppose r\ is G-regular (that is, T\ Vi for any h normalizing Mi). Then, t 2 <8> X2 is 
also regular and Ind^ri ~ IndJp^ 0X2 — Ind^ 2 t~2 <8> X2- The second isomorphism follows 
from Frobenius reciprocity and jSZl III. 7.3]. Since (lndp 2 T2) | K ~ (lndp 2 T2 ® X2) \ K by 
|10| (3.1.1)], the lemma follows. 

In general, there is an unramified unitary character x of Mi such that t\ <S> X is G-regular 
This follows from the fact that {x G X U {M\) \ t\ <S> X — r i} is a finite set while X U (M\) 
forms a complex manifold. Using jlUl (3.1.1)], the general case follows from the G-regular 
case. □ 

Lemma 8.10. Let V G & and i G 23^- Then, £p(e) n £ (t) either contains Irrt, ° r has 
Plancherel measure zero. 

Proof. Suppose T ~ and thus £f (e) is the set of depth zero representations. By ()8.8|) -f5). 
£^(e) n £*(t) is either £*(t) or empty. 

Suppose r 96 0. Note that for any X, L Xj(E is contained in a special maximal compact 
subgroup. Then, by Lemma 18.91 if there is an irreducibly induced representation IndpT in 
£p(e) fl £*(t) for some (M, r)d in t, Irr t is contained in £ r (e) n £*(t). Otherwise, £ r (e) n £*(t) 
is contained in £*(t) \ Irrt whose Plancherel measure is zero. □ 

In the following proposition, we denote the union of £*(t), t G QS^ with Irr t C £f (e) fl £*(t) 
by 4(e). 

Proposition 8.11. 
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(I) For r 6 6 and F G G C °°(G), we have 



_ F(tt) d-K = F(ir) dir. 



'4(e) J e*(e) 

(jgj For F G C™(G), we have 



F(l)= / F(7r)d7r= / , ,F(vr)dvr+ V / F (it) dir. 



(3) Each £p(e) has a finite Plancherel volume, that is, vo/£u(£ r (e)) < oo. 

Remark 8.12. Note that 6 is a countable set. Moreover, for any F G G£°(G), J gt , % F(-7r) g?7t ^ 
for only finitely many T G 6. Hence, the m (2) is well defined. 

Proof. (1) This follows from Lemma I8.1UI and (|8.8|) -(4). 

(2) We have 

/fit ^( 7r ) d ^ - 4*\(u r6 e4(e)) ^ ^ + ^ reS ^ ^ 

(ii) ^ ^ 



The equality (i) follows from (1) and the decomposition in (|8.8|l -(3). Since (£ r (e) U £f (e)) \ 

(£p(e) n £p( e )) nas Plancherel measure zero by Lemma I8.1UI combining this with (1), the 
equality (ii) follows. 

(3) Let x G !B(G). Since any (vr,^) G £p(e) is of depth r<j, £f(e) C t) r n for a 
sufficiently large r' G R. Then, (3) is a result of the following lemma. □ 

Lemma 8.13. For any open compact subgroup J C G, let £(j]\ = {(ft, Kr) 6 £* | ^ 0}. 

Then, £* j ^ /ias a finite Plancherel volume. 

Proof. Let F G C£°(G) be given by the characteristic function of J divided by voIq(J)- Then, 
from the Plancherel formula on G, we have 

voleu(E\j tl) ) < j^^ dim c (F/) d<K = / gt dim c (y/) = / £t F(tt) dvr = F(l) = □ 

9. Review on T-asymptotic expansions 

As a preparation for the proof of Theorem I1U.11 we review T-asymptotic expansions and 
related materials from |27| . 

Let e G R be as before. Fix a strongly good G-datum of positive depth S = (G,y,r,(f>), 
and let T = Ts- In this case, set r_i := — e. Associated to T, we have a subspace 3 V of 
invariant distributions on q. 

9.1. Recall that T" 1 = r°. Let 7$ := X n i , < i < d, and let [NT 1 = W°. Then X is the 
set of nilpotent elements in g\ Let Ts be the set of all triples (i,x,s) with i G {0, ... ,d}, 
x G "B(G l , k), and rj_i < s < ri if i < d, r^—i < s < oo if i = d: 

T s := {(i,x,s) £Zx <B(G,k) xR | i G {0,...,d}, xG S(G%A;), 

1-1 < s < rj if i ^ d, r<f_i <s<ooifi = d}. 

Let 3(b) denote the set of G-invariant distributions on q. In the following, we define a 
subspace 3 r of 3(b)- 



SUPERCUSPIDAL REPRESENTATIONS: AN EXHAUSTION THEOREM 23 

Definition 9.2. 

(1) Let (i,x,s) G Ts with s < r^-i- Recall that L x is defined in (4.3.1), and define 3 X ' - s 
as follows: If r^_x < s < r^, let 

:= {T G 3(q) | if / G C ((P + gj, _ s + 4?) and 

Supp(/) n (P + gj_ s)+ ) = 0, then T(/) = } . 

Let 

C-n-! : = { T e 3(0) | if / G C ((r* + fl*^ + 4" ) and 

Supp(/) n Gl (P- 1 + 0|:^ l)+ ) = 0, then T(/) = } . 

(2) If (i, x, s) G Ts and s > r^-i, then i = d. In this case, let 

:= { T G 0(g) I If / G C((r d + Q x ,-s)/Qx,-s d ^ 1 ) and 

Supp(/) n (T d + 0( _ s)+ ) = 0, then T(/) = } . 



(3) Set 



f ■= n t 

(i,x,s)eT s 



£,r 



For any t £ t, define a subspace of C£°(g) as follows: 

xeS(G,fc) 

Note that Dt is the space consisting of Fourier transforms of / G C^°(3t») ( 2, (4.2.3)]). 

Theorem 9.3. [271 (8.1.1)] Suppose (HA;) and (HN) are vaZid. Let T 6e as above. Let dorr) 
be the linear span of orbital integrals fiQ associated to with G 0(r). Then, we have 
3 T = 3o(r) on D-. 8d _ x . 

For (7T, V n ) G £, we define the Fourier transform 0^ G 0(g) of 0^ as follows: for / G C£°(g), 
let f + = f- [0o+], and 

§.(/) = 6,(^0 log). 

Theorem 9.4. (27J (8.2.3)] lei (vr,K-) G £. lei S = (G,y,r,<j>) be a strongly good G-datum 
of positive depth. Assume the hypotheses (HB), (HA;) and (HDSf) are valid. Let x G 23(G°,A;) 
and r := r^. Let L x and L x be as in \5. lfy) . Let X G g^_ e n g?_ e \ +) and let xr+x be the 

character of L x with the dual blob T + X + 1L X . Suppose (ir,V n ) contains (L x ,xr+x)- Then, 

(1) g r r , 

(2) Gjr is Y -asymptotic on g + , that is, there are cq(vt) G C indexed by 0(T) such that 

d — l 

7r (/ o log) = Yl coi^) ' A*o(/) f or a ^ f ^ C^°(q s + ), where is the orbital 

oeo(r) d_1 
integral associated to G 0(r). 

9.5. Recall G° = Cc(r). Label the elements of O(G°,0), the set of nilpotent orbits in 
0°, as Oj,...,(D^. Because T is semisimple, the Jordan decomposition gives a bijection 
between 0(T) and O(G°,0) (see (ESJ)). If 0° G O(G°,0), the corresponding element of 0(r) 
is G (r + 0°). Let Oi = G (T + Q?), 1 < * < m. 
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In [221, we a ^ so found some test functions ff, 0{ G O(r), such that (i) the obvious pairing 
on (fi . | Oj G 0(r) ) x ( /f | 0. G O(r) ) is nondegenerate, and (m) for each 0; G Q(r), there 
are x % G B(G°, x) and 1^0^ °. )( _ e) with f[ = [T + Xi + 4j- 

This provides a way to compute the coefficients co(tt) in Theorem 19.41 bv linear algebra. 
Moreover, if T G 3 r , then the restriction of T to D_ Sd l is completely determined by T(ff), 
i = 1, • • • , m, in the following sense. 

Theorem 9.6. (271 (9.1.6)] Suppose (Rk) and (HN) are ua&d. Let T G # r . £ei /f be as in 
fO) . // T(/F) = for alii = 1,--- ,m, then T = on Z)_ Sd _ 1 . 

Corollary 9.7. Suppose (Rk) and (HN) are ua/id. ieiTi, T 2 G 3 r - // Ti([r + X + £|]) = 
T 2 ([r + X + £|]) /or eac/i x G S(G ,A;) and X G N° ng° ( _ e); tfien T x = T 2 on D- Sd l . 

Proof. Since <= {[T + X + £&] \ x G S(G°, fc), X G X° n 0° j( _ e) }, the corollary fol- 

lows from the above theorem. □ 

10. Matching 

In the following theorem, we match the spectral decomposition factors in (|7,7|) and (|8.11|) . 
This is a crucial step in proving Theorem lll.il Recall that if V ~ 0, Sd-i = s_i = 0. 

Theorem 10.1. Suppose (Rk), (HB), (HGT) and (HN) are valid. Let V G 6. Then for any 
f G C^°(q s + ), we have 

d — 1 

f f(X) dX= f /^Mvr) dir. 
Jar J& T {z) 

Proof. Suppose V ~ 0. Then jjp = 0o an d £f( e ) ^ s se ^ °f an tempered depth zero 
representations. Hence the above equality follows from |25| (3.3.1)]. 

Now assume that d(r) < 0. Without loss of generality, we may assume V = T°. Write T 
as in dZHJ): 

r = r° = r d + r d _! + • ■ • + r . 

Let Tp and Tj? be invariant distributions defined as follows: for / G C£°(g), let / + := /• [flo+]- 
Then, 

TfCf) := / J^(X)dX, 
J gr 

TF(/) := / /oWogW dn = f e,(/ 0+ o log) dvr. 

Hence, to prove the theorem, it is enough to prove that 

T r (/) = T«(/) 

for any / E D_ s , 15 since D_ Sd l = C£°(g + ). We first need the following lemma. 

d— 1 

Lemma 10.2. T r and T^ are elements of 3 ■ 

Proof. By Theorem EH-(l), we have T^ G 0~ r . To show T^ G #~ r , note that for any 
/ G C™(q), we have 

Tf(/)= / f(-X)dX= [ f(X)dX, 

J Br J—Sr 
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and 

Su PP (T r ) = - Br = g^ r . 

If s > rd-i, then 

Supp(T r ) = - r= G (-r + []) c G (-r + f_ s)+ ) = G (-r d + B f_ a)+ ) = -r d + s f_ a)+ . 

Hence T r G 3 x '^a ■ ^ r «-i < s — r «> * = 0; ' ' ' > ^> then 

Supp(f r )= G (-r + g°) C G (-r + gJ_ s)+ )= G (-r+ s J_ s)+ ), 

which implies that T r G tftjT-s- Therefore, T r G n(i,z,s)eT r dx~-s = 3~ T - □ 

Continuing with the proof of Theorem llU.H by Lemma [l . 21 and Corollary 19. 71 it is enough 
to check that for any x G B(G , k) and X G 3Sf° n g° _ e , 



(E) T r ([-r + x + 4]) =T G ([-r + x + 4 



We first note that Supp([-r + X + £|]j c g (-F + X + q%) C G (-r + (j) = g_ r . The first 

inclusion follows from Lemma l5.131 and the second inclusion follows from X being nilpotent 
and thus J G g{j. Then we have 



(a) T r (j-r + X + LI } ) = vol s {L%) = 

Computing T G (j-r + X + H x ]\ , write / for [-F + X + Then, 

/( y ) = ISsfej ■ A(B(-r + X,y)) • [L X ](Y). 
Note that (^voIg{L x ) ■ f o log^ is a character of L x with dual blob — F + X + that is, 

(volc(L x ) ■ f o log) = X-r+x on Ar- Then @7r(/°log) = ©7r(X- r +x) is the multiplicity 
m(x r _ x , V n ) of x T -x m ^tt- Since m(x r _ x , V^-) = unless 7r G £f(e), we have 

=/(log(l)) = / £t © w (/olog)^ = / £i m(x r _ x ,T4)^ = / £Me) m(x r „ x ,K) 

Si>> = / £t(e) ©.(/oiog)d7r = T G ([-r + x + 4] N 



Now the equality (E) follows from (a) and (b), and Theorem IIP. II is proved. □ 

11. Tempered representations 

Throughout this section, we assume (HA;), (HB), (HGT) and (HN) are valid. 

We prove that for almost every tempered representation (TT,V n ), there is a strongly good 
G-datum E such that {Tr,V n ) contains the K-type (K^,(j)^). As a corollary of the proof, we 
get a spectral decomposition of the delta distribution on G, where each decomposition factor 
is parameterized by an element of &. 

Theorem 11.1. Almost every tempered representation is an element o/£ r (e) for some F G 

o 

S. That is, £' \ Urge £r( e ) has Plancherel measure zero. 

In the following, for A, A' C £ , if (A U A') \ (A' n A) has measure zero, we will write 
A^A>. 
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Proof. We fix x G B(G,fc). For a G Z>o, let F Q := [G a . jQ +]. Then, for any (71", V^-) G £, we 



have F a (7r) = ^([Gj. a +]) = voh(G x a +) dimV^ Gx ' a+,1) > 0. Let £*° := £* , lV and let 



£f(e) a := £ r (e) n£* Q . 
Computing 

[ Fa^exp(X) dX = [ F a (ir)dTT= f F^(vr) dvr > V / %{-K)dn 



2 / FaCTTjdTT® J] / F^Xp(X)dX 



res, £*,(e) a ^0 £ r( e ) a res, £ r (e) a ^0 



I F^exp(X) dX ( = f Fo^xp(X) dX. 



(in) 

The relations {i), (Hi) and (w) are straightforward. We use Theorem 110. II to verify (ii). 

o ^ ^ 

The first inequality (i) follows from IJreS^M 6 )" ^ anc ^ F a (-7r) > 0. 
To prove (ii), it is enough to verify that for T G ©, if £ r (e) a 7^ 0, 

/ F^(vr)dvr= / F^(7r)<i7r = / F^o~exp{X) dX. 

Since for (71", V^) G £f( e )j -^c^ 71 ") 7^ only if {ir,V n ) G £ r (e) Q , the first equality follows. To 
prove the second one, we note that F a (ir) 7^ only if a > g(ir) = rj for ir G £f( e )- Hence 
£f(e) a 7^ only if a > rj. In that case, since F a o exp G C^°(g r +) C C£°(q s + ), the equality 

in Theorem 110. II is valid for F a . Hence the above equalities are valid, and so is (ii). 

To prove {Hi), we note that F a o exp is a scalar multiple of the characteristic function of 
Qx,-a- Then since Supp(F Q o exp) n flr = Qx,-a H B r 7^ only if £f(e) a 7^ 0, the equality (iii) 
holds. The equality (iv) follows from Lemma 17.51 

Hence, > in (i) is in fact an equality for all a G Z>o- Therefore, £*° = UreS^rl 6 )"- 
Since £* = UaeZ an< ^ £ f( e ) = U«gz > o ^r( e ) a > we can now conclude 

(*) £' = Ures • 

Combining this with Lemma 18.61 the above is a disjoint union. □ 
Corollary 11.2. For any f G C%°{G), we have 



f{l) = J2 [ t ®M)d7T. 



res 

?t ii 



Proof. This follows from Proposition 18.111 (1) and £' = UreS^r- '— ' 

o 

Remark 11.3. Note that £* = UreS^M 6 ) independent of the choice of e > such that 
fle = 0o+- Since £f(e') C £f(e) for < e' < e and the above (*) is a disjoint union, 
£*,( e ) £ £* r ( e '). By Lemma IHTTH we also have 

(Je£ke) = fl^rW 
where e runs over real numbers such that g e = g + > an d thus 
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Theorem 11.4. For (n,V v ) G UreS (H e £f( e )) > there 

is a strongly good G- datum E sitc/i 

i/iai (ir,V n ) contains (K^,4>s). 

Proof. This is obvious if g(7r) = 0. Now, suppose £>(7r) > 0. Let T be such that 
(-7T, V^-) G P| e £f( e )> and it splits over a tamely ramified extension E. Let G, r and 4> be 
the sequences associated to F. Fix a subset D in ^(G ,^) such that D is compact and 
G° ■ D = 1!>(G ,k). If G° is semisimple, the closure of a chamber in ^(G ,^) is such a 
subset. Otherwise, since S(G°,/s) is the product of S(G odor ,fc) and X*(Z G o,fc) (g> R, and 
since (X*(Z G o, fc) <8)R)/Z G o is compact, such a subset L> exists. In particular, we can choose 
D such that D C >A(G , T, k) for some £7-split maximal fc-torus T in G . 

Fix e > such that g e = g +. Choose a decreasing sequence €j, j = 1, 2, • • • , such that 
e > ej > and — » 0. 

For each ey, there is a strongly good G-datum of positive depth Y, x . = (G,Xj,r,(/>) with 
Xj G -D and G flS ^ such that (L Xj>€j , Xv+nj) < (f, (such an Xj exists by 
conjugation if necessary). Since D is compact, there is a cluster point y G D of xy's. 

Let e' > be such that g yfi + = Q y ^ a = Q y>a +, and Q ys + = Q y , Si +a for any a < e'. Let 5 
be such that for any affine root tp in ^(G, T, .E) and x,x' G A(G,T,E), if dist(x,x') < 5, 
\tp(x — x')\ < e'/3. Then, in that case, for any r G R, 

9( E )x,r+e'/3 G B(E)a;/ )r C 0(-E)j;,r— e'/3- 

Since y is a cluster point, there are €j and Xj such that |y — Xj\ < 5 and ej < e'/3. Fix such 

e,- and Xj. Then we have the following: 

(i) With r = ej, x = y and x' = Xj in (f), 0^+ = Qy^+e'/s G 0^., 

(m) with r = C j + e'/3, fl Vj ^ +a /3 e ' C gay^+eys- Since Q x . >e . +£ >/ 3 C + and 0^+2/36' = 

0y,o+> we nave d y ,o+ CB re + and 0^ C y ,o, 

(ra) with r = ^ + e'/3, a s + = 0^+2^/3 C S Xj , Si + e '/3 C S Xj>s +- 

From (i)-(iii), we see that K£ y = G Vy3 + C L Xj>ej = G x .^+^ and G Xj - €j C 0° . Hence, 

Xr+ nj \Gy t g+ = xv, 

and (it, V*) contains (K£ ,Xr)- d 

Corollary 11.5. Lei (7r, V^) 6e an irreducible supercuspidal representation. Then, there is a 
strongly good G-datum S suc/i that (Tr,V n ) contains (K^,cj)^). 

Proof. Suppose (ir,V n ) is tempered. Then t := (G,tt) G 53*. For any T G 6 and e > 
such that 0o+ = £ , we have either £*(t) C £p(e) or n £f( e ) = 0- Now, since £*(t) 
has strictly positive Plancherel measure, the corollary follows from Theorem II 1.41 Now, any 
supercuspidal representation is tempered up to twisting by an unramified character, and the 
general case follows from the tempered case. □ 

12. Review of Yu's construction 

The construction of supercuspidal representations by Yu is based on a generic G-datum 
(see [SHI f° r details and [H] for a summary). 

Definition 12.1. A generic G-datum is a quintuple = (G,y,f,<j),p) satisfying the fol- 
lowing: 
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Dl. G = (G°,G 1 ,-- - , G d = G) is a tamely ramified twisted Levi sequence such that 
Zqo/Zg is anisotropic. 

D2. y G S(G°,fc). 

D3. r = (ro,ri, • • • , rrf_i,rd) is a sequence of positive real numbers with < ro < ■ • • < 
Td-2 < r d -i < r d if d > 0, < r if d = 0. 

D4. = (0o, • • • , 4>d) is a sequence of quasi-characters, where fa is a generic quasi-character 
of G*; fa is trivial on G ! + , but non-trivial on G* for < i < d — 1. If r^-i < rj, 4>d is 

nontrivial on G^„, and trivial on G d . . Otherwise, (6^ = 1. 



y,r d 



y,r d 



D5. p is an irreducible representation of G? i, the stabilizer in G° of the image [y] of y in 
the reduced building of G°, such that p\G° n+ is isotrivial and c-IndSo p is irreducible and 
supercuspidal. 

Remark 12.2. By (6.6) and (6.8) of |35) D5 is equivalent to the condition that G y is a 
maximal parahoric subgroup in G° and p|G° induces a cuspidal representation of G^ /G° 0+ . 

As remarked before, under our hypotheses, a generic quasi-character is also good. Instead 
of reviewing the definition of genericity, we will briefly describe the construction when fa is 
good. 

12.3. From now on, we fix a generic G-datum £y = (G, y, r, (f), p). Associated to Ey, we 
have the following open compact subgroups. Note that their definitions depend only on G, y 
and r. 

(1) K° :=G\ y] ; K°+ :=G° Q+ . 

2) K* := G° Gj sn • • -G* ' ; iT+ := G? n+ G l + ■ ■ ■G i + for 1< i < d. 



y,o+ 

Then note that K i+ = K l + (see (PI) ). 

(3) J* := (G- 1 ,G0(A;) 2/i(ri _ ljSi _ l) ; 4 := (G^.G*)^)^^,. 

(4) For i > 0, we have iP -1 J* = iT, and iP- 1+ Ji = 



12.4. Construction. Let fa denote a character of ET°G* G + defined similarly as in Q5.8|) 
(replacing Gjj 0+ with if G^ ). For < i < d, there exists a representation ^ of K l x J l+1 
such that fa\J t+l is 0j| J^ +1 -isotypical and fa\K l+ is isotrivial. 

Let mf(fa) denote the inflation of fa\K % to if 1 x J t+1 . Then inf(^j) % fa factors through 
a map 

I? x J i+1 = K i+1 . 

Let denote the corresponding representation of K l+1 . Then it can be extended trivially 
to K d , and we denote the extended representation again by Kj. We also extend p trivially 
to a representation of K d and denote this extended representation again by p. Define a 
representation k and p% Y of K d as follows: 

K := K (g> • • • (g) ® (0 d |if d ), 

Ps y :=p<S)K,. 



Note that k is defined only from (G, y, r, 0) independent of p. 



Theorem 12.5. [SHI ^Sy = c-Ind^ d ps y *s on irreducible supercuspidal representation. 
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Remark 12.6. In Ey, if d = and vq = 0, ttj] y = c-Indg p is a depth zero supercuspial 
representation. Moreover, by [2H1 or [2U (6.6), (6.8)], any depth zero supercuspidal rep- 
resentation is of this form. Hence, Yu's construction includes all depth zero supercuspidal 
representations. 

Remark 12.7. Suppose (Hfc), (HB), (HGT) and (HN) are valid. Let (ir,V v ) be a super- 
cuspidal representation of positive depth. Then by Corollary lll.5( there is a strongly good 
G-datum £ of positive depth so that (Ki,(f)^) < (vr, V w ). Comparing £ and £y, we note 
that Yu imposed certain sufficient conditions on £y to get supercuspidal representations such 
as (i) Zqo/Zg is anisotropic, (ii) G® is a maximal parahoric subgroup in G°, and (in) p 
is irreducible and induces a cuspidal representation of G° /G° 0+ . Now, we will prove that 
those are also necessary conditions (§§13-17). We start with some preparation. 

13. Preparation 

To prove that the condition (i) in Remark 112. 71 is also a necessary condition for supercus- 
pidality (see Proposition 114.51) • we wm use some basic properties of Hecke algebras. In this 
section, we review Hecke algebras and deduce various results regarding them (in particular, 
Corollary 1 1 3 . 1 2 1 and Propositior jl3. 14"1) . 

13.1. Hecke algebras. Let J be an open compact subgroup of G and let (a, V a ) be an 
irreducible representation of J. Denote the contragredient of a by a. Then, we can associate 
a Hecke algebra < K(G//J,a) to (J, a) as follows: 

■H{G//J,o) = {/ G C c °°(G,Endc(^)) | f(jgj') = d{j)f{g)d{j'), for j,f G J, g G G}. 

This is an algebra under convolution with the identity vo j^j-j lg- '[J]- Here, I5- is the identity 
map on V„. It is well known there is a one-to-one correspondence between the set of simple 
nondegenerate modules of Ji(G// J, a) and £(j iCr )- For more details, see for example [51 151 12*2*|. 

We say g G G is in the support of !K(G// J, a), if there is an / G !K(G// J, a) such that g 
is in the support of /. Denote the set of all such g as Supp(3x(G//J, a)). 

The case G = (G', G) 

13.2. Let G = (G', G) be a tamely ramified twisted Levi sequence, and let y G ^(G',^). 
Let <fi be a G-good character of G' such that on G' y rl it is represented by a G-good element 
7 G 3 fl / of depth -r < with Cg(t) = G'. Set s := §. 

Let T C G' be an .E-split maximal /c-torus such that y G ,A(G, T, k). Let S be a fc-split 
subtorus in T. Let M be the /c-Levi subgroup of G defined as Cg(S). Since T C M, 
y G !B(M, k). Let P be a fc-parabolic subgroup with Levi decomposition P = MU, and 
let U be the unipotent subgroup opposite to U. Define ft ■ <&(G,T,E) U {0} — ► R and 
fl : $(G', T, E) U {0} — > R as 



t+ if a G $(M,T,£) U{0}, 
*+ ifaG$(U,T,E), / t '(a) 
t if a G $(U,T,£), 



/*(«) = 
and 

ft(a) 



t+ if a G $(MnG',T,£) U{0}, 
i+ if a G $(UnG',T,£), 
t if a G $(UnG',T,4 



' t if a G $(M,T,E) U{0}, 
t+ if a G *(U,T,£0, 
i if G $(U,T,£). 

Here and later, $(?, T, -E) denotes the set of E-roots of T in ?. To avoid any confusion, it 
should be pointed out that the above ft is totally unrelated to a in (|13.1[) . 
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Note that / f * = /_*. We write 

Uy jt = unG y j, Uy,t = ung y>t , u' y ^ = Uf\G' yP u^=ung^ t . 

Recall we have an orthogonal decomposition g = g' © g /_L with respect to B when (HB) is 
valid. Otherwise, we can take g /J ~ = [7, g] to have a linear decomposition of g. In both case, 
g /J - is invariant under ad (7). Let g'^~~ := g y j t n g' L . 

Lemma 13.3. Let Y' G g' y (_ r )+, and let t€R. 

(1) Lett€M.. Then, ad (7 + Y') : a = /fl * — > /J 7 /fl /J 7 is an isomorphism. 

yjt' yjt+i v y,ft- r ' yjt-r+i 

(2) Lett el w#i t>-r. Then, G ^^+t ( 7 + fl - n g') = 7 + g y ~ h . 

(3) IfY' G fl^+nu, then ad^+Y') : (g;| t nu)/(g^ +1 nu) — ► '(fl^_ r nu)/( B ^_ r+1 nil) 
is an isomorphism. 

(4) Let Y' G 0y i( _ r) + n u. Suppose t > -r. Then ^+'(7 + Y' + u^) = 7 + Y' + u^. 

(5) Let u G C/y, s . Then, "(7 + u J/j („ s )+) = (7 + u J/i (_ s )+) i/ and onZy if u £ U ytS +U ys = 

Proof. (1) Suppose Y' = 0. Since ft is Galois invariant, we have q(E) 7 n g = g ? (0)- 

y i j t y ) j t 

Moreover, from the definition of ft and the properties of B, we have d(E) y 7 D fl'(-E)" 1 " H g = 

g /J -- where fl(£0 = q!(E) (B Q'iE)- 1 . Hence we may assume that 7 is /c-split. Then (1) results 

yjt 

from 7 being good. If Y' 7^ 0, since ad(7) is an isomorphism and ad(Y' ) acts pronilpotently, 
ad(7 + Y') is also an isomorphism (see also (2-3.4)]). 

(2) Having (1), (2) follows from the usual approximation argument (see @J (6.3)] or [351 
(8.5)-(8.6)]). We omit the details. 

(3) Since ad(7 + Y')(u) C u, (3) follows from (1). 

(4) Using (3), one can use an approximation argument. 

(5) Since u %(- s )+ = Uy,(- S )+, "(7 + "y,(-s)+) = (7 + S y,(-s)+) if and onl y if "7 ~ 7 G 
Uj / (_ s )+. We claim "7 — 7 G r_ a )+ if and only if u G U ya +U ys . Suppose u G U ys +U ys . 
Then, "7 G u v,« + {p{ + v! y , s \+) = 7 + u J/i (_ s )+ by (4), and '■<=' follows. Conversely, suppose 
"7 G 7 + u yj (_ s )+. Then by (4), there are u\ G U y<s + and X' G (_ s )+ such that "7 = 
U1 (7 + X'). Since 7 is good and X' G g' y u" 1 ^ G (G'nt/^) by Lemma IQl(l). Hence, 
u G Uy jS +Uy, s - Now, (5) follows from the claim. □ 
13.4. Define 

K£:=G' yJ ,, Kl:=G yJs , K h :=K°Kt and K : G yJ r. 

Suppose </> is represented on s + again by 7. Then, by (6.4.44)], we have [K^K£\ C 
Gy,(r+,s+) C ker(0). Hence, there is a unique character of i^i 1 with dual blob 7 + g y j* = 
7 + g y As before, we denote this character by Xj- 

Lemma 13.5. Assume (HB) is valid. Suppose Y' G Q y r_ r \+ and 7 + Y' + Q y j* represent a 
character of K^_. Then, the support of "K = "K{G // 'K^,Xy+Y') is contained in K^G'K^. 

Proof. Note that x-y+Y' = X-^-Y'- Suppose g G G is in the support of "K. Then, 9 x~y-Y' = 
X-y-Y' on 3Rl n Kl. By Lemma l3~P21 we have ^(-7 — Y' + g yJ *) n (-7 — Y' + g yJ; ) / 0, 
and thus 9 (j + Y' +$ y ,f*) n (7+Y 7 +%/*) / 0. By Lemma C33K2), there are j, j' G i?h and 
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X[, X' 2 G fl'ng^/* such that si\^+Y'+X[) = i{n+Y'+X' 2 ). Since ~f+Y'+X[, j+Y'+X 2 G 
7 + 0(_ r )+> we nave j -1 ^/ G by Lemma 1131(1). Hence g G K\-G'K\-. □ 

Remark 13.6. All the statements in Lemmas II 3 .HI and 113.51 are also valid when we replace 
7 with 7 + Z for Z G 3 g . 

13.7. Now, suppose that 0' is a character of G' so that <t>'\G' 0+ is represented by a G-good 
element 7' G 3 / of depth — r. However, we do not assume that Cg(V) = G'. Note that 7' 

still defines a character xy on K\- such that X-y' W v fi an d X7'l^ r y,o+ are trivial. The following 
lemma will be used for the proof of Proposition 113.111 

Lemma 13.8. Suppose (HB) and (HA;) are valid. Let s = (0, s) and = (0 + ,s + ). Let 
u G Uy jS . Let 7' and xy be as above. Then u xy = X7' on G y ^+ and u Xy\Uy = 1. 

Proo/. Note that Z7y iS normalizes K\-. Write log(u) = (X' + X L ) for X' G v! y s and X 1 G 
u y ,s H g . Then, by (HA;), we have 

00 1 

Ad(u)(7 / ) = E^( ad ( X ' + X± )) n ^)- 

n=l 

Since [7^0'] = 0, [Y,0 / - L nu] C g^nu, [0 /J - Du, /J - Du] C g^Hu and [g'nu, g'^flu] C fl^Du, 
from the above formula and (HA;), we conclude "7'— 7' G (u^-sflg'^) C (g^-^ng'- 1 ) = (gj_ s -fl 
A'- 1 ). Then V-Y G 0^ implies that 1 = Xyl^.o = "X 7 'l^,o> and V-V G ly-?= (4?+)* 
implies that u xy \G y g+ = Xy\G y ^+- Hence the lemma follows. □ 

General cases 

13.9. Let Y, y = (G, y, r, <fi) be a good G-datum of positive depth. Let T C G° be an S-split 
maximal A>torus such that y G A(G, T, A;). Let S be a A;-split subtorus in T. Let M be the 
A;-Levi subgroup of G defined by Cq(S). Then, y G ®(M, A;). Fix a A>parabolic subgroup P 
with Levi decomposition P = MU, and let U be the unipotent subgroup opposite to U. Let 

M* := M fl G' = C G i(S), lP:=UnG\ U i = UnG i 

for % = 0, 1, • • • , d. Note that each M* is a A;-Levi subgroup of G\ 
Define f : *(G*, T, E) U {0} — ► R as follows: if i > 1, 

ratx if aG$(M*,T,S)U{0}, [ 0+ if a G $(M°, T, £) U {0}, 

= < sti if oG*(U*,T,£0, and f{a) = I 0+ if a G $(U°, T, E), 

( if a G $(U i ,T,£), [o if aG $(U°,T,E). 

For i = 1, • • • , d, define p : *(G*, T, J5) U {0} — ► R as 

r if a G $(M*, T, £") U {0}, 

= < «ti ifae$(U\T,£), 
[ s< _i if a G $(IP,T,£). 

We also define corresponding open compact subgroups of G l as follows: for i = 0, 1, • • ■ , d, 

^ := G y,P C Gt ' 

and 

Ky h := 1, i?* h := G^ji C G\ 
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If there is no confusion, we omit y from the above notation and simply write Kt and KL. 
Note that we have K°cG°, and = G° y Q+ if G° C M. Define 

K yh = K h := K^Kl ■■■K^, and K yh = K h := K^Rl ■ ■ ■ Kyi. 

Note that the above open compact subgroups depend also on the choice of M and U. 

If T, y is strongly good, each fa defines a character of K\- represented by Tj and <j> de- 
fines a character of K\- represented by T. We again denote these characters by xr\ and xr 
respectively. 

For i = 0, • • • , d and t G M> , we have M'' l yt = G\ >t n M, Write 

Uy, t :=Gl t nu, ui tt :=(? Vtt nu. 

For any admissible sequence t of length we also write 

u y ,r ■■= G y>r nu, M yf -.= G v f n m, u y>f ■.= G yX n u. 

Then note that U y>s = K h n U = K h n U, U y>s + = K h nU = K h nU, M y> g+ = K h n M, etc. 

Lemma 13.10. For ('HJ and (3), we assume (HA;) and (HB) are valid. 
(1) For i = 0, ■ • ■ , d — 1, i/ie following is an isomorphism: 

ad(Ti) : feng^j/^+n^ 1 ) — ► (uj,_?n u )/(u 2/ , ( _^+ n g^). 

(%> luy.s/u^^+l = K-s/u^^+l = l^y/E^st-l = l^/^sl- 

l%,?(0+) /%,?+! = | c/ j/,s(o+ 1 = 1^/(^,0^)1 where s(0 + ) = (0+,s ,--- ,s d -i). 

Proof. (1) Since Tj is a G* +1 -good element of depth — r^ and ad(Fj)(u) C (u), the above 
ad(Fj) is an isomorphism by ^ (2.3.1)]. 

(2) Since = 0° © O± © • • • d ~ 1± , we have 

\ u y,s/u y> g+ 1 = |u° /u° + 1 ' nto I (%? n 8 iL )/(u y ,s+ n 0* 
The second equality follows from (1). By duality, 

K-sAW-^+l = ( U *y,s+ n u)/(u* jS -nu) = | . 

Since log(ifh) n u = u y> g, \og(K£) Du = u y ^+, and log(ifh) n (u © m) = log(ifj) n (u © m), 
we have \U y ^/U y ^+\ = \u lJ)S /u y ^+\ = \log(K\-) / \og{K%)\ = \K h /K£\. 

(3) By duality, we have |u^ /u|j 0+ | = l u °,o/ u %+l- Denote this number by m. Dividing 
each term in (2) by m, we get the equalities in (3). □ 

Proposition 13.11. Suppose Y< = Y> y is a strongly good G-datum of positive depth. Suppose 
(HB) and (HA;) are valid. Let \ be an irreducible representation of K\- such that xl-^£ 
contains xr o,nd xW y ^ = 1. Then there is a u G fy,2(o+) such that x = u Xr on K^. 

Proof. Let u G U y ,g(o+)- Then, we can write u = Ud---u\UQ for some no G U y0 + and 
Ui G TTy^.^, i = !,■■■ ,d. 

For the character xr of K\-, if j > i, we have " 4 Xr\,- = Xr on Kv- since n« G G 3 . Then 
u <JMd-i-«o Xr ._ i = "^-s-^XiV! = ^«r 1 («d«d- 2 -« 1+ i)« lXr8 _ i = "ixr^i- The last equal- 
ity follows from u^ 1 {u d u d _ 2 ■ ■ ■ u i+l )ui G U y>8i C ker(xr i - 1 \G yjS +_ ). Hence "d^-i-^xr = 
^XTo^XTa • ' • Ud Xr d . 1 Xr d on K h . Since C (G*" 1 , G)(fc) tf>(0 i*+ ^ and t/£ C f/^ 1 , from 



l<o/< +l ■ nto IK- s -n i± )/(uj /i( _ s - )+ n 5 iX )| = K-s/u^-sjh 
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Lemma fl3. 81 we deduce that ^xr^-i = Xr^-i on an d ^Xr^-i W y o = 1- Hence, for any 

u G ^ y ,s(o+)> we nave u Xv\K^ =xy\K^ and "xr|^°,o = L 

We claim that "xr = Xr on K\- if an d only if u G U y ^+. Since -u € Uyg+ C if-, is 

obvious. To prove we first observe that "xr = Xr Xri • • • Ui Xr;_i ' ' ' Xr d on G % ~\ iff. 

y> s i-2 

Hence, "xr = Xr on if- implies ^Xr^i = Xr,_i on G % ~\ iff. Then, m G £^, s + b y 
Lemma ll3,3l -f5). Hence, u = Ud ■ ■ ■ uq G U v s + ■ ■ ■ Uy S +U v0 +. The claim is now proved. 

From the claim and Lemma ll3. 1UI |{"xr I u G ^ r y,s(o+) } I = W y,s(Q+)/U | = (Kh/C^o^s)!- 
Hence, by counting, any irreducible extension of xr of if^t to if- which is trivial on U y0 is 
of the form u \v for some u G U y ^ +y □ 

For later use, we record the following corollary: 

Corollary 13.12. Suppose Y< = Y> y is a strongly good G-datum of positive depth. Assume 
(HB) and (HA;) are valid. Let (ir,V w ) G £. Suppose (w, V„) contains (if£,xr)- Then (tc, V„) 
also contains (if-,xr) if 

(2) there is a nonzero vector in the (ifjt,xr) -isotypic component ofV w which is invariant 
under U y . 

The following lemma is a preparation for Proposition 113. ill and Proposition 114.51 For any 
open compact subgroup J C G, we write Jg := J ' H U, Jm '■= J H M and J u := J n [/. 

Lemma 13.13. 

W if h rf = kt t kt M kt u = k? M K? e K* u = k^Mm- 

(2) k v = k ht k hM k hu . 

(3) Suppose G° C M. Then, if- = K Vi K VM K Vu . 

Proof. Proving (3), we first note that each f l , i = 1, • • • , d is concave and positive. From 
|H1 (6.4.9)] and the concavity of we deduce that G l (E) y ji is decomposable with respect 
to P(E) = M(E)V(E). That is, G i (E) yJi = {G i {E) yJt n U(E)) ■ (G 4 tE) v ,/< nM(E)) ■ 
{G i {E) yJl n U(E)). From the positivity of f\ we have iff = G yJ = G i {E) < ^ E/l£) . Since 
M, U, and U are Gal(£'/A;)-stable, iff = G l y * is also decomposable with respect to P = MU, 
that is, iff = Kl e K*L M Kl u . If i = 0, since G° C M, if£ = if£ M . 

Now, let K\-(i) = iff ■ ■ ■ iff?. We claim that each K\-(i) is decomposable with respect to 
P = MU. If i = d, it follows from the previous paragraph. Suppose K\-(i + 1) is decompos- 
able. Note that K\-{i + 1) is normalized by iff and K\-{i) = K^K\-(i + 1). Let g G K\-(i). 
Then g = ab for some a G iff and 6 G if-(^ + !)• Write a = agaM^u compatible with the 
decomposition of iff. Since b' := auba^ 1 G if|-(« + 1), we can also write b' = b' £ b' M b' u . Then, 
ab = ata M auha~ x a u = (aia M b' e a~^)(aMb' M )(b' u a u ), where aea M b' e a^j G if-(^, a^f^M € 
K\-(i)m and 6^a n G ifh(i)«. Hence, ifh(i) is decomposable. Since if- = ifh(0), if|- is also 
decomposable. 

The second and the third equalities in (1) follow from ifi = ifi and ifi = ifu„- The 
other equalities are proved similarly as in (3). □ 

Proposition 13.14. Let S = T, y be a strongly good G-datum of positive depth. Suppose 
(HB) is valid. The support ofK{G//K\-,xv) is contained in K^G°K\-. 

The following is a modification of the proof of |381 (4.1)]. 
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Proof. We prove the proposition by induction. If d = 0, it is obvious. Now, assume d > 1. 
Let £' = (&,y,?,<P) be such that G' = (G ,-- - ,G d ~ 1 ), = (<£ , • • ■ ,<^-i), and r* = 
( r o ; ' ' ' ) r d-i)- Then note that £(£') = d — 1. Let 

X£ := K®Kl ■ ■ ■ Kf- 1 , and ff£ := • • • ffj?- 1 . 

Suppose g G G is in the support of "H(G // K\- , xr) ■ Since ^l-RTl- is the restriction of 4>d 
which is defined on the whole of G, g also intertwines 6' = (xr<Pd = Y[j=o XTj 

Therefore, g also intertwines 9'\K d . Note that if rj < s, xr~ is trivial on K d , and 9'\K d = 
Xr d _!+y for Y = Y^r J >s d _ 1 r i- % Lemma EE3 and LemmaHHUni there are ji,j 2 G -K"hM = 
M y,s d -v /ll ' /l2 G K ti K tu and 5' e sucn tnat # = hijig'j2ha- Since hi,/t 2 G 

jig' 32 intertwines 0'. Now, from Lemma 113.151 (4). we may further assume j\,j 2 G Jjj^, 
where is as in that lemma. Then, by Lemma Il3.15l -f2). g' also intertwines 9'\K! = XT' 
where T' = T^-i + ^d-i + • ■ ■ + To- By the induction hypothesis, g' G K'^G^K'^. Hence 
g G K d k(_G°K(_K d = k h G°K h . □ 

Lemma 13.15. We keep the notation from the proof of Proposition \IS. 14\ Let 

J d M = (M d -\M d )(k) y , {rd _ liSd _ iy 

(1) M^ Sd i G d - l M^ Sd i c J d M G d ~ l J d M . 

(2) If g G G rf_1 intertwines 9', j G Jf^, then gj and jg also intertwines 9'. 

Proof. (1) follows from M d Si _ x = M d ~] = JfjM^ C J d M G d ^ C J d M G d ^J d M . (2) 
can be proved as in j^Hl (4.3)]. □ 

14. Supercuspidality I 

Let S = T, y be a strongly good G-datum of positive depth, and let M, P = MU and 
K\- be as in (|13.9j) . In this section, we prove that if there is a supercuspidal representation 
(•7T, Vx) such that (K^,xr) < (vr, V^) , Z°/Z d is /c-anisotropic (see Proposition 114. 

We first recall the following from 8 . For any open compact subgroup J C G, Je, Jm and 
J u are defined as before (see Lemma Il3.13[l . 

Definition 14.1. 8, (6.16)] Let P = MU be as above. Suppose J is an open compact 
subgroup decomposable with respect to P = MU, that is, J = JiJmJu- Then £ G Zm is 
strongly positive relative to (P, J) if 

(1) (AC 1 c J u , C l U c Jf, 

(2) for any compact open subgroups Hi, H2 of U, there exists an integer m > such 
that C m #iC~ m c tf 2 ; _ 

(3) for any compact open subgroups K\, K2 of U, there exists an integer m > such 
that C~ m #iC™ C if 2 . 

Combining [SJ (6.14)] and the remark after jHJ (6.16)], a strongly positive element always 
exists relative to (P, J) such that J = JiJmJu- 

The following can be regarded as a corollary of the proof of [SJ (6.10)]. 

Lemma 14.2. Let J, U and P = MU be as in Definition [Jjl\ Then, JMJnU = J e . 

Proof. D is obvious. To prove C, suppose u G JMJ n U. Let t G M be so that u G JtJ. 
Then, there are j,h G J so that = /it. Write j = jejMju and h = hihuh u compatible 
with the decomposition J = JiJmJu- Then, (uje)jMju = he(hMt)(t h u t). Hence, by the 
uniqueness of Iwahori decomposition, we have u = h^jj 1 G Jg, and C follows. □ 
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Proposition 14.3. Assume (HB) is valid. Suppose G° C M C G. Then there is a strongly 
positive element £ relative to (P,K\~) such that an element ft G %(G//K\-,xr) supported on 
K^QKy- is invertible. 

Proof. We fix a Haar measure on G so that vol(K^) = 1. From G° C M and Proposition 
HSU the support of % := "K{G / / K^xv) is contained in K h MK h . Let C G Z M C G° be a 
strongly positive element such that U = U n >oC n ^h£C _n - F° r 3 = 3i3m3u G K\- H (C-KhC -1 )) 
since f xr(j) = Xr{C l K) = Xr(C -1 #C) Xr(C _1 JMC) Xr(C _1 J«C) = Xt(3m) = Xr(j), we have 
C € Supp(^K). Here, the third equality follows from K\-i, K\- u C ker(xr) and Q JmC = 3M- 
Similarly, C^ 1 G Supp(IK). Let (resp. /f-i) be an element of "K which is the function 
supported on K^QKy- (resp. K\-(, K\-) with /((C) = 1 (resp. /(-i(C _1 ) = !)■ We claim 

/< * /c-i = /c-i * fc = vol(K h CK h )h 
where f\ is the identity in "K given by the function supported on with /i(l) = 1. Note 
that Supp(/ f * / c -i) C (K^K^C 1 ^) n (K^G°K^). From Lemma ITOl Supp(/ C * / c -i) C 
K\-. Hence * f^-i = c ■ /i for some constant c. Evaluating both sides at the identity, 
c = vol{K^QK^-). Similar computation shows that f^-i * f( = vol(K\-(,K\-) f\. Hence, the 
inverse of / c is „ ; ( ^ c ^ h) / c -i • □ 

Lemma 14.4. We keep the notation and the situation from the proof of Proposition \14-'A 
{K^K^C 1 ^) n {K h G°K h ) =K h = (K h C X K\.$Ky.) n {K h G°K h ). 

Proof. It is obvious that K h C (K^K^C 1 ^) n (K h G°K h ). Suppose g G (K^K^C 1 ^) n 
(K h G°K h ). Since C^hA/C -1 = K hM and C^h«C _1 C K huj Wecan write 5 = jiCj eC^h for 
some ji, j 2 G ifj- and j> G K\-t. Since OX -1 G ifi-G^ifh H C7, by Lemma Il4"2l OX -1 G 
-K"i-£ = i^h£- Hence, g G -KV- The other equality can be proved in a similar way. □ 

Proposition 14.5. Assume (HB) and (HA;) are valid. Let (ir, V n ) be a supercuspidal repre- 
sentation. Let £ = (G,y,f, <f>) be a strongly good G-datum of positive depth. Suppose that 
(K^,<ps) is contained in (ir,V w ). Then, Z°/Z d is k-anisotropic. 

Proof. Suppose Z°/Z d is not anisotropic. Then, there is a fc-split subtorus S of Z° such that 
M = Cg(S) is a proper fc-Levi subgroup of G. Note that G° C M. Hence y G S(M, k). Fix 
a fc-parabolic subgroup P with Levi decomposition P = MU, and let U be the unipotent 
subgroup opposite to U. Since G° C M, Uy = 1 and (ir, V n ) contains {K\-, xr) by Corollary 
113.121 Now, consider !K := JC (G//K\~, xr). By Proposition 114.31 there is a strongly positive 
element £ relative to (P, K\S) such that fe, an element of "K(G//K\-,xr) supported on K^^K^, 
is invertible. This implies that the Jacquet map restricted to V* F , the (K\~, xr)-isotypic 
component in V n , is injectively mapped into V*y, the (K\- n M, xr)-isotypic component in 
the Jacquet module V n u (:8J. Since V* r 7^ 0, this implies that the Jacquet module V n u 
of V n with respect to U is nontrivial, which contradicts to the supercuspidality of (n,V n ). 
Hence, Z°/Z d is ^-anisotropic. □ 

15. Depth zero types 

In this section and the following one, we deduce some facts that we need for ^1171 (Propo- 
sition Most results here are from |31j . 

15.1. Let (G', G) be a tamely ramified twisted Levi sequence, which splits over a tamely 
ramfied extension E. For any y G ®(G', fc), let be the quotient of the reduction mod pk 
of the Ofc -group scheme P' y associated to G' y by its unipotent radical. Then, Gy /G' 0+ ~ 
M'JW q ). 
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Let T C G' be an P-split maximal fc-torus such that y G A(G', T, k) and A(G' , T, k) is of 
maximal dimension. Let S be a maximal fc-split subtorus in T. We attach a fc-Levi subgroup 
M of G to G' y0 (see also 31 , (6.3)]): first note that S gives rise to a maximal F g -torus S 
of M' y . Let C be the maximal F ? -split torus contained in the center of of M^. Lift C to S 
to get a subtorus C of S. Let M be the centralizer of C in G. Note that since T C M, 
y G B(M, fc). Moreover, if G' yQ is not a maximal parahoric subgroup of G', M is a proper 
k-Levi subgroup. 

For a given G' y , if M is chosen in the above manner, we will say that M is adapted for 
G' y Q. In (6.3)], the case G' = G is considered. 

Remark 15.2. We keep the situation from ([ToTT]) . Let M':=MnG' = C G '(C). Then, 
M' is a /c-Levi subgroup of G' associated to G' yQ as in [22 (6-3)]. Set M yr := M n G' y r for 
r G R as before. Then, by "fil (6.4)], we have the following: 

(1) M y is a maximal parahoric subgroup of M'. 

( 2 ) G 'yfl/ G ' yfi+ ~ M 'yfilKo+ ~ M 'v^- 

15.3. Let (ir, V n ) be a smooth representation of G. Let x,y,y' G ®(G, fc) be such that G^o 
and Gy',o are proper parahoric subgroups in G x $. Let M be the Levi subgroup adapted 
for G y fi with x,y,y' G !B(M, k). Suppose M y> o = M y t ; o, and G y $ and G y i$ project onto 
opposite parabolic subgroups in G x fl/G x fi+ with common Levi factor (G y> o n G y r t o)/G Xj0 + ~ 
My fi/ My + = M y i fi/M y i q+. Suppose P = MJ7 and P = Mf7 are two opposite parabolic 
subgroups in G so that G y fi n P = M y> oU y> o projects onto G y> o/G x0 +, and G^q H P = 
My'fiUy'fl projects onto G y / >0 /G a . )0 +. 

The following is a corollary of the proof of [311 (6.7)], which in turn results from j3H (6.1)]. 
Note that G yfl PiU = G yfi + n f7. 

Lemma 15.4. We keep the notation and situation from M5.°J\) . If a nonzero vector 
is fixed under G y / q+, then the following integral does not vanish: 

ir(n)v dn ^ 0. 

ur\G vfi 

Let x be a quasi character of G and let ir x := x® 7 *. Suppose x is trivial on U and U. Then, 
if v is a nonzero vector in V 7Tx 



/ ir x (n)v dn = / ir(n)v dn ^ 0. 

JunGyfi JunGyfi 

16. Heisenberg representation 

16.1. The case (G',G). 

Let (G',G) be a tamely ramified twisted Levi sequence, and let y G 23(G', Let T, M, 
U, U and eft be as in (|13.2|) . and let M' = G n M. Define concave functions h+, h : 
$(G,T,P) U {0} — ► R as 

f r if a G $(M,T,P) U {0}, ( r if a G $(M, T, P) U {0}, 

/i+(a) = < s if a G $(G',T,P) \$(M,T,P), h{a) = I s if a G $(G', T, P) \ $(M, T, 
[ s + otherwise, [ s otherwise. 

Let J+ := Gy : h + and J := G^. Note that JnU = G yiS nU. Then since <f) defines a character 
4> on G' yQ+ G y s + ( see 15.8(1 . can be restricted to J + C G' y Q+ G y s + . Let iV := ker(<jf>). 
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Lemma 16.2. 

(1) The pairing (a,b) = (^(aba^ 1 ^ 1 ) defined on J / J+ x J/J+ is nondegenerate. 

(2) J/N is a Heisenberg p-group with center J+/N. 

The proof is similar as that of |38l (11.1)]. We would not repeat it here. 

Lemma 16.3. Let (0 h ,V^,h) be a representation of the Heisenberg group J/N. We use the 
same notation (j) h for the inflated representation of J. Let v G V^h. If v ^ and it is fixed 
by J nil, then the following integral does not vanish: 

<j)\u)vdu / 0. 

Jnu 

Proof. Note that (J fl U) J (J + D U) and (J (lU) I (J + fl U) are isotropic subspaces of J/J+ 

such that their sum form a complete polarization of J/J+. Then the above lemma is a result 
of the following general fact on Heisenberg representations: 

Lemma 16.4. Let H = W ® F„ be a Heisenberg group where W is a symplectic space over 
F q . Let W = W\ @ W 2 be a complete polarization o/W. Let (p,V p ) be a finite dimensional 
representation o/H. If a nonzero vector v £V p is fixed under W\, then 

p(w 2 )v dw 2 7^ 0. 

w 2 

Proof. Without loss of generality, we may assume that p is irreducible. If p is the trivial 
representation, the lemma is trivial. Otherwise, there is a nontrivial character x °f the 
center ¥ q such that p is isomorphic to the Heisenberg representation x h of EI with the central 
character \- Then, we can realize x h ° n the function space C{W\) as follows: for / G C(W\), 

X h (wi)f(w) = f(w + wt), for wi G Wi, 

X h (w2)f(w) = x{\{w,w 2 ))f{w), for w 2 G W 2 , 
X h (z)f(w) = x (z)f(w), forzGFg. 

Denote the characteristic function supported at w G W\ by f w . Suppose / G C(W\) is a 
nonzero function invariant by W\. Then from the above formula, / is a nonzero constant 
function, that is, / = c Y^weW-, fv f° r some constant c ^ 0. Now, we have 

$ W2 X h {w 2 ) f dw 2 = J W2 X h (w2)(J2w c f W )dw 2 = $ W2 Y JW c{x{\(w,w 2 ))f w )dw 2 Q 
= fw 2 c f° dw2 = vol ( W 2) ' c • fo 0. 

Corollary 16.5. We keep the notation from Lemma \l6.3l Let x be a character of J such 
that x is trivial on J HU and J fl U. Let v G Vy^h . If v ^ and it is fixed by J C\U , then 

J Jnu 

16.6. The general case. Let T, y := (G,y,r,<f>) be a good G-datum of positive depth. Let 
T, M, U and U be as in j|. Recall M' = Mn G*, U'=UnG' and U' = Un G\ For 
i = !,-■■ ,d, define concave functions h\, U : ^(G\ T, E) U {0} — * M as 

n-i ifaG$(IVP,T,£)U{0}, 
h\( a ) = { if a G ^(G* -1 , T, E) \ <£(]VP, T, E), 

_j otherwise, 
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and 

f n-i ifae^{M i ,T,E)U{0}, 
h*(a) = < s,_i if a € <I>(G i_1 , T, E) \ <J>(M*, T, E), 
[ Si-i otherwise. 

We also define corresponding open compact subgroups of G l as follows: for i = 1, • • ■ , d, 

J y+ -■ u y ,h' + c u ' J y -■ ^yM c u ■ 

Note that J 1 n U = G y s . _ x D i7. Then, defines a character of J* + as in (|5.8j) . and 
each J*/ ker(0j_i) is a Heisenberg p-group with center J y+ / ker(0j_i). When S is strongly 
good, <^j_i coincides with XiVi- 

17. Supercuspidality II 

In this section, let (tt, V n ) be a fixed supercuspidal representation of positive depth. Sup- 
pose S = (G, y, r, 0) is a strongly good G-datum of positive depth such that (K£, 4>t, = Xt) 
is contained in (tt,V^). Then, by Proposition 114.51 Z°/Z rf is ^-anisotropic. 

17.1. Consider the (K^,xr) isotypic component V^ v of V n . It can be found as the image of 
the projection 

Xv{g~ l )n{g)vdg. 



1 



vol(K^) Jk 



Recall G? i denotes the stabilizer in G° of the image [y] of y in the reduced building of 
G°. Since G^ stabilizes (K^,xr), V* T is a finite dimensional representation of G® y y Let 
p be an irreducible subrepresentation of GrK in V£ r ■ Denote the character of given by 
Ili^il^fj/]) again by 0s- Then, p = (p^ 1 ® p is an irreducible representation of G?i which 
factors through G® n+ . 

Let r be an irreducible subrepresentation of p\G y>0 . Then r induces an irreducible repre- 
sentation of Gy o/G® Q+ , which we again denote by r. 

Proposition 17.2. Suppose (H/c) and (HB) are valid. We keep the notation from above. 

(1) Gy q is a maximal parahoric subgroup of G° . 

(2) t is a cuspidal representation of G y ^/G yQ+ . 

17.3. Proof of Proposition [77. 2\ (1). We generalize the proof of |^1| (6.7)]. 

Let M be a fe-Levi subgroup of G adapted for Gy . Suppose Gy is not maximal. Then, M 
is a proper Levi subgroup of G. Let C be the center of M. Let P be a /c-parabolic subgroup 
with P = MU and let U be the unipotent subgroup opposite to U. Then, f7nG^ = U flG^ 0+ 

and Un G°„ = UnG° yQ+ . By Corollary EJZK "). (tt, V v ) contains (i^xr). 

For any x G B(G°, fc) D B(M, fc), let E x = (G, x, r, $). As in (THHH) . for and MU, we 
can define -fC x |-> and defines a character xr of realized by T. 

Let /3 : GLi -> C be a one-parameter subgroup of C such that (a, /3) > for every root 
a of C in the Lie algebra u of U. Consider the ray y(t) = y + tf3, t > 0, contained in the 
apartment A(G, T, k), emanating from the point y in the direction of (3. Then, one can verify 
the following (see also (6.7)]): 

(1) m n K y(t)h = M y(t)ig+ = m VjS+ ■, u n K y(t)h = u y{t) # u n x- v(t)h = u y{t)j s+ ■ 

(2) If f > t, then fT^),? D U y{t) ^ and U y ^^+ C U y{ ^^. 
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(4) Any compact subgroup of U is contained in U y i t \g for £ sufficiently large. 

(5) There is a sequence = £o < £i < £2 < ■ ■ ■ tending to 00 so that U y u\g, U y / t \g+ , U y r t \g 
and U y i t \g+ are constant on the open intervals £j_i < £ < £j (i > 1). Then, in fact 
we have that U y ( t ^g, U y ( t ^g+ are constant for £j_i < £ < £j, and U y ( t ^g+, U y ( t ^g are 
constant for £j_i < £ < £j. 

Let Xj = y + ti/3. Fix £^ G R such that £j_i < £^ < £j. Let yo = ^0) an d y« = y + t^/3. 
We observe that f/ XOj5 > = U y0: g = U yu g, U X(h g = U y0: g D U yu g, and U Xji g = U yj+U g. 

(6) I7 yi> rt- = U yh g and 1^-+ = I7 tf . )? , when i > 1. 

Proving the first equality, C is obvious. We may assume that T is fc-split without 
loss of generality. Let tp G ^(G,T, fc) such the gradient ^ of V 7 is in 3>(LP, T,fc), 
j = 0, • • • , d. Let be the root subgroup associated to ip. Suppose U$ C U yu g. 
Then, by the definition of yi in (5), C U yi ^ e p i g for sufficiently small e > 0. 
Hence, tp(yi - ef3) = tp(yi) - e(ip,(3) > sj-!. Since (ip,f3) > 0, ip(yi) > sj-i. Hence 
Uij, C U yu g+, and D follows. The second equality is similarly proved. 

(7) J e Xi nu = n J7 = ET^ and j* n 17 = j* n u = ; 



j£ nU = U l + f7|-\ , and J* n ?7 = U x . s + U1. .,,,£ = 1,-- ■ ,d. 



(8) G° , = K,o<oU° yi ,o, Gl 0+ = C/;„o< 0+ ^,o and G^ 0+ = ^ i+1)0 Mj 0+ C/0 >0 . 

(9) G°. contains both G°. and G° - Suppose G°. 7^ Gy i+lj o- Then the images 
of Gy. o and G y . +1 form the opposite parabolic subgroups in G x . q/G° x q+ with the 
common Levi factor given by the image of My = My. = My_ +i . 

Let f = wo G V? r be a nonzero element. Note that U Xji g = U yj+li g by (5). For z = 1,2,---, 
define 



/ 7r(n)vj_i dn = 7r(n)u/_i dn. 



Inductively, we will show 

(i) Wj ^ 0; 

(ii) is a nonzero multiple of ^ir(n)vdn\ 
(Hi) M y ^g+ acts on as a character represented by T; 

(iv) for j > 0, we have Stab(vj) D 17 Xj -+i,? = and Stab( Vj ) D 17 Xj . +1)S h- = 

?J. 0+ acts on Vj as a character represented by T; 
v 3 = Jr/° Jr/i " " " lud n(u ui ■ ■ ■ u d )vj-i du d --- du . 

The equality in (ii) follows from Fubini's theorem and the bi-invariance of the Haar mea- 
sure on the unipotent subgroup U. 

Since the compact group M y ^+ = M y ^+ normalizes U Vj+li g and acts on v as a character 
Xr, (Hi) follows from (ii). 

Proving (iv), the second inclusion is obvious. To prove the first, since vq G V* r , we 
note that U y0i gU U y(h g+ C kev(xr\Ky \-) = Stab(vo). Since U yi g+ C U yij g = U y0t g and 
U yiy g+ C U yo ^g+, the case j = follows. Now, suppose j > 1. We observe that U Xj+lj g = 
Uy J+lt g+ C U yjt g+ C Stab(vj-i) by induction hypotheses. Consider the character xr realized 
by T on K yj+1 \~. Denote the kernel of xr in K V]+1 \- by A. Then since U yj+lj g, U y . +lt g+ C A 
and K yj+1 \- is decomposable with respect to P = Mf/, A is also decomposable with respect 
to P = MU. Let A M := An M. Then we have A M C Stab(vj-{) by (iii), and ^ = 
^ j+1 ,s^Mf7 %+1 , s -+ = C/ %+1 ,?+^M^ +1 ,s- Since Z7 % . +1)S -+^m = ^m^ +1jS -+ C S£a6(^_i), for 
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a proper normalization, we have 

Vj = / 7r(n)uj_i dn = / / / ir(nmn)vj-idndmdn = I ir(a)da. 

JU V . . , s JUv ■ , , g J A M Ju h+ J A 

Hence C^j /j+1i ^*+ C A C Stab(vj) and (if) follows. 

For (*y), if j = 0, it is obvious from the choice of vq. If j > 1, since G° Q+ = C^ +1i o-^^q+ ^,0' 

and since i?j is fixed by U® and E^ +lj o = ^y J+1 ,o+> combining these with (m), (w) follows. 
The equalities in (yi) result from the decomposition U Xj: g = U® qU x .^ S0 ■ ■ ■ U™ Sd _ 1 . 
To prove (£), let w^+i '■= Uj-i and Wi := J"^ 7r(uj)ti;j + i dui. Then = iuo- As in the 

x j > s i — 1 

case of (Hi) and we have for I < i, M + acts on Wi via xr and each Wi is fixed by 

y> s t-i 

£ 

u x - jSl _ x - By induction hypothesis, Vj-\ = Wd+i 0- Suppose u>j+i ^ with i 7^ 0. Then 
consider the J Xj stable vector space Wi generated by {n(g)wi+i j g G -Z^}- Note that u>i+i 
is fixed by UL . . , and C/ 1 . . Moreover, from C/"* - * C U l ~ l + C EL. ?+ C Stab(vj-i), 

we have that £^T^ i _ 1 fixes u>j+i. Hence, the representation of J x . on Wi is a Heisenberg 
representation of J x . twisted by a character x-y of J* represented by 7 = Tj + + ■ ■ ■ + 
(recall each r$, IYfi, • • • , defines a character of G l ). Then by Corollary 116.51 Wi 7^ 0. 
Inductively, w\ 7^ 0. Since w\ is fixed under C/^. and J7°, 0+ and since E/^. and E^ 
project to the unipotent radicals of opposite parabolic subgroups in G Xj0 /G®, Q+ , by Lemma 
115.41 wq = Vj = f u0 tt(uq)wi duQ is not zero. 

Since any open compact subgroup of U is contained in U x . g for sufficiently large j, by (i) 
and (ii), we conclude that the image of v under the Jacquet module map with respect to U 
is nonzero. This is a contradiction to the supercuspidality of (tt, V n ). Hence, we conclude 
that Gy is maximal. □ 

17.4. Proof of Proposition [77. $\ (2). Suppose r is not cuspidal. Then there is z € H(G°,k) 
such that G° zQ C G° and ^ <g> V$ T has G° z Q+ invariants. Let T C G° be an E'-split 

maximal fc-torus such that A(G°, T, k) is of maximal dimension and y,z G .A(G , T, fc). Let 
M be a £>Levi subgroup of G with T C M adapted for G z . Let C be the center of M. Fix 
a fc-parabolic subgroup P with P = MU. 

Since (p^ 1 ®V* V has G° z 0+ invariants, and since My Uy projects to a parabolic subgroup 
in Gy /Gy Q+ sharing the Levi factor with the image of G® , we can deduce from ^H] (see 
also US (1.1)]) that 4>~ 1 (S>V^ r also has U° fi invariants. Then, by Corollary EEEKm), (^)K) 
also contains (K y \-, xr) where K y \- is defined with respect to MU as in Q13.9B . 

Let (3 : GLi — > C be a one-parameter subgroup of C such that {a, (3) > for every root a 
of C in the Lie algebra u of U. Take the ray y(t) = y + 1(3, t > 0, contained in the apartment 
iA(G,T, fc), emanating from the point y in the direction of /3. Now, the rest of the proof is 
similar to that of Proposition 117.21 (1). □ 

18. Extending S of to K d 

Let (tt, V n ) be a fixed irreducible supercuspidal representation of positive depth. Suppose 
£ = (G,y, r, 0) is a good G-datum of positive depth such that (K£,(j)z) is contained in 
(-7T, VJr). Define 

:= G(/c)( + iSOiSli ... Sd _ 1 ) = G° +G^ So • • • Gy Sd l . 
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Note that K d = G^K where K d is defined in (|12.3|) . To simplify notation, we denote 
by K+. Let N := ker(0 s ). 

Proposition 18.1. K/N is a Heisenberg p-group with center K + /N. 
To prove the above proposition, recall from (|12.3|) that 

4 = (G-\G*)(fc) Vj , + } , J* = (G*-\G*)(k) y ^ uSi _ l} . 



-u-ii 



Define a pairing on J % j J\ given by (a,b)i = (/>z(aba b 
Note that K = G° n+ J 1 • • • J d and K+ = G° n+ j\ ■ ■ ■ J±. 

y,0+ y,0+ + + 

Lemma 18.2. 

(1) The pairing ( , }, is nondegenerate on J 1 /J l + . 

(2) J 1 /(N n J^_) is a Heisenberg p-group with center J l + /{N n J l + ). 



Proof. Let (f>j be as in <|STS|> or lfT2~i)) . For j > since aba^b^ 1 G (G j , G J ), ^(aba^b^ 1 ) 

I. For j < j — 1, since aba~ 1 b~~ 1 € G^ )ri _j C G yr + C ker(0j), <pj{aba~ l b~ l ) = 1. Hence 

(a, 6) = <pY;(Q'ba~ 1 b~ 1 ) = 4>j-i(o,ba b ). Then this pairing coincides with the one in Lemma 

II. 1 of |3S], and the above follows from that lemma. □ 



Proof of Proposition \18.1\ Define a pairing on K/K + given by (a, b) = fa{abaT 1 b- 1 ). Note 
that ( , } on J % j J\ C K/K + coincides with ( , )j. We claim that if i ^ j, ( , } is trivial on 
J % I J\ x J 3 / J 3 + . Without loss of generality, we may assume i < j. Let a € J 1 and b £ J J . 
If£< j, since (J\J j ) C J{ C ker(0 £ ), ^(a6o- 1 6~ 1 ) = 1. U£> j, aba^b' 1 e (G*,G»') C 
(G^,G f ) and ^(ofto-^- 1 ) = 1. 

Hence, we have (, ) = (, }i © • • • ( , )d, and the pairing ( , ) is nondegenerate. Now, 
we can conclude K/N is a Heisenberg p-group with center K + /N . □ 

18.3. By Proposition 118. ll and the theory of Heisenberg groups, there is a unique represen- 
tation of K extending the character 0£. Let 0^ be the unique irreducible representation of 

K extending the character 0£ , and let V^h C Vf E be the space of 0^ . 

Let iv n be the central character of (ir,V n ). Then, Zq acts via uj n on V^h . Let 4$ denote 
the irreducible representation of ZqK such that 0^ = 0^ on K and 0£ = w T • 1 on Zq. 
Note that (tTjV^) also contains (ZqK,(/)^). Moreover, Gj^ stabilizes the representation 

(02)^) = (^V)- We fix an extension of ^ of Z G K to Gj^K on Vp, which we 
denote by <p^ ■ 

Remark 18.4. Let k be as in (|12.4jl associated to E. Then since «;|-fC + is 0s-isotypic, 
k\K ~ 0^- Hence we can choose the extension 0^ to be re. 

Proposition 18.5. Any irreducible representation of G^K extending (ZqK^j^) * s of the 
form p (g> i^ 71 where p is an irreducible representation of G^K factoring through ZqK. 

Proof. Note that p in the above induces an irreducible representation of Gj^/G^ 0+ . Then, 

since (p^\K is already irreducible, the representation of the form p ® cp^ is also irreducible. 

(G° K \ G° K 

Ind z ^ 1 ® 0^ ( resp Ind^ 0| 7r ). Now, 

since [Gj^ : G^ 0+ Zg] is finite, we can explicitly compute 0i and 02- Since G^K normalizes 



42 



JU-LEE KIM 



Z G K, for g,he Gf y] K, h g € Z G K if and only if g G Z G K. Hence, 

e l(9 ) = e 2 ( 9 ) = (5« if ' eZ °*> 

w ViV [0 otherwise. 

Therefore, I Ind^^ 1 I (8> 0^ and lnd Z( ^ K 0^ are isomorphic, and the proposition follows 
from this. □ 



Corollary 18.6. W^e fceep £/ie notation from Proposition 118.51 Let (tt, V n ) be as before. 
Then there is a strongly good G-datum of positive depth S = (G,y, r, <fi) and an irreducible 
representation p of G^K factoring through ZqK such that (tt, V n ) contains (G?-,K, p (8) k), 

where k is as in \12.J$ . Moreover, c-Ind^o p is an irreducible supercuspidal representation 

ly] 

ofG° 



Proof. The first statement follows from Corollary 1 1 1 . 5 1 and p8.Hj) - (|18.5j) . The second follows 
from Proposition 117.21 and [All (6.6)]. □ 

19. Conclusion: Exhaustion of supercuspidal representations 

Theorem 19.1. Suppose (HA;), (HB), (HGT) and (H3sf) are valid. Then any irreducible 
supercuspidal representation (tt, V n ) of G arises through Yu's construction. 

Proof. Let (tt, V n ) be a given irreducible supercuspidal representation. If the depth q(tt) of 
(it, V-k) is zero, this follows from Remark 112.61 Hence, we may assume q(tt) > 0. Then 
by Corollary 118.61 there is a strongly good G-datum of positive depth S = (G,y,f,4>) and 
an irreducible representation p of G^K factoring through ZqK such that (ir,V % ) contains 

(G9 ,K, p<S>K). Moreover, Z G o /Zq is ^-anisotropic by Proposition ll4.51 and c-IndS p is an ir- 

yy\ [ s ] 

reducible supercuspidal representation of G° from Corollary 118.61 Hence, £y = (G, y, f, (j>, p) 
is a generic G-datum. Let tty, y ■= c-Ind^o k(p® «), the supercuspidal representation con- 

structed in [SHI. Since p ® n < tt, from the Frobenius reciprocity and the irreducibility of 
(tt, V n ), we conclude tt ~ ttt, y - ^ 

Corollary 19.2. Suppose (HA;), (HB), (HGT) and (HN) are valid. Then, all supercuspidal 
representations of G are compactly induced from an irreducible representation of an open 
compact mod center group. 
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